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Abstract 

We study the scalar curvature of Kahler metrics that have cone singularities along a divisor, with a 
particular focus on two classes of such metrics that enjoy some nice properties: momentum-constructed 
conically singular metrics and the metrics of the form cu + XyJ—ldd\s\^ff. Our main result is that, on the 
projective completion P(J^©C) of a pluricanonical line bundle J- over a product of Kahler-Einstein Fano 
manifolds with the second Betti number 1, momentum-constructed constant scalar curvature Kahler 
metrics with cone singularities along the oo-section exist if and only if the log Futaki invariant vanishes 
on the fibrewise C*-action, giving a supporting evidence to the log version of the Donaldson-Tian-Yau 
conjecture for general polarisations. 

We also show that, for these classes of conically singular metrics, the scalar curvature can be defined 
on the whole manifold as a current, so that we can compute the log Futaki invariant with respect to 
them. Finally, we prove some partial invariance results for them. 
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1 Introduction and the statement of the results 


1.1 Kahler metrics with cone singularities along a divisor and log ii"-stability 

Let H be a smooth effective divisor on a polarised Kahler manifold {X, L) of dimension n. Our aim is to 
study Kahler metrics that have cone singularities along O, which can be defined as follows (cf. [33J §2]). 


Definition 1.1. A Kahler metric with cone singularities along D with cone angle 27r/i is a smooth 
Kahler metric on X\D which satisfies the following conditions when we write ojsing = 'Yhi j 9 ijV~^dzi A dzj 
in terms of the local holomorphic coordinates (zi,..., z„) on a neighbourhood U C X with DDU = {zi = 0}: 

1. gii = F\zi\'^d-^ for some strictly positive smooth bounded function F on X\D, 

2- 91] = 9ii = 

3. gi] = 0(1) for i,j ^ 1. 


Although this definition makes sense for any /3 S K, we are primarily interested in the case 0 < /3 < 1 
(cf. [17]). On the other hand, we sometimes need to consider the case /3 > 1 (cf. Remark 3.5), while some 
results (e.g. Theorem 1.15) will hold only for 0 < /3 < 3/4. We thus set our convention as follows: we shall 
assume 0 < ,5 < 1 in what follows, and specifically point out when this assumption is violated. 


Remark 1.2. We recall that the usual (cf. 


amongst many others) definition of the conically singular 


Kahler metric lOsing is that Wsmg is a smooth Kahler metric on X\D which is asymptotically quasi-isometric 
to the model cone metric |zi \ V— Idzi A dzi +X]r =2 V-^dziAdzi around D, with coordinates (zi,..., z„) 
as above. The above definition is more restrictive than this usual definition, but will include all the cases 


that we shall treat in this paper (cf. Definition 1.10). 


Remark 1.3. We can regard a conically singular metric Wsmg as a (1, l)-current on X, and hence can make 
sense of its cohomology class [using] G (A, K). 
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Kahler-Einstein metrics that have cone singularities along a divisor were studied on Riemann surfaces by 
McOwen [29] and Troyanov [39], and on general Kahler manifolds by Tian |36| and Jeffres [2T|. They have 
attracted renewed interest since the foundational work of Donaldson m on the linear theory of Kahler- 
Einstein metrics with cone singularities along a divisor, and since then, there has already been a huge 
accumulation of research on such metrics. Precisely, a conically singular metric ujh is said to be Kahler- 
Einstein with cone singularities along D G \ — XKx\ with cone angle 27r/3, where A G N is some fixed 
integer, if it satisfies the following complex Monge-Ampere equation 


on X\D, where a hermitian metric h on —Kx defines the Kahler metric uJh and the volume form flh on X, 
and s is a section of —XKx which defines I? by {s = 0}. 

We now recall the log AT-stability, which was introduced by Donaldson [17] and played a crucially 
important role in proving the Donaldson-Tian-Yau conjecture (Conjecture |2.6[) for Eano manifolds [6l[7[[8l 


; see also Remark 2.16 We first recall (cf. Theorem 2.10) that the notion of AT-stability can be regarded 


as an “algebro-geometric generalisation” of the vanishing of the Futaki invarianlQ 

S 


Fnt{Ef,[uj])= f = f f fmciu}) 

Jx IT- Jx \ 

in the sense that Fut(S/, [w]) = 0 is equivalent to DF{X,C) = 0 for the product test configuration {X,C) 


I A - - 

n ) [n— Ij! 


generated by 2/ (cf. Remark 2.9). Looking at the product log test configurations, we have an analogue of 
the Futaki invariant in the log case, which was first introduced by Donaldson m- It is written as 


FutD,;3(^/,M) = ^ 


_ f l'*' 

n\ 


f 


cu 


n— 1 


Vol(D,a;) f w" 
Vo\{X,u;) Jxnl 


Id («-l)! 

and may be called the log Futaki invariant (cf. particularly Theorem 2.17). As in the case of the 
(classical) Futaki invariant, Futu^^ is expected to vanish on Kahler classes which contain a Kahler-Einstein 
or constant scalar curvature Kahler metric with cone singularities along D with cone angle 27r/30 

Now, in view of the work of Donaldson [i3[ii[in], we are naturally led to the idea of replacing the ample 
—Kx by an arbitrary ample line bundle L, on a manifold X that is not necessarily Fano, and consider the 
constant scalar curvature Kahler metrics in ci(L) with cone singularities along a smooth effective divisor D 


(cf. Remark 1.3). Conically singular metrics having the constant scalar curvature can be defined as follows. 


Definition 1.4. A Kahler metric oJsing with cone singularities along D with cone angle 27r/3 is said to be 
of constant scalar curvature Kahler or cscK if its scalar curvature S{ujsmg), which is a well-defined 
smooth function on X \ D, satisfies S{uJsing) = const on X \ D. 


Remark 1.5. We now note that all the results on the conically singular Kahler metrics mentioned above 
are about Kahler-Einstein metrics with the anticanonical polarisation, and there seem to be few results 
concerning the conically singular metrics along a divisor in a general polarisation. To the best of the 
author’s knowledge, we only have [m [laiii [30] treating general polarisations. 

An important point, unlike in the Fano case where D G \ — XKx\ for some A G N was natural, is that 
D and L can be chosen completely independently; D can be any smooth effective divisor in X and the 
corresponding line bundle Ox{D) does not even have to be ample. 

^In what follows, we prefer to use the second expression using the Ricci curvature. 

^This certainly holds for Kahler-Einstein metrics on Fano manifolds; see 1321 Theorem 2.1] and also [S] Theorem 7]. 
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Remark 1.6. In general, if ujsing is a metric with cone singularities along D (as in Remark 1.2), then it 


follows that any / S K) is integrable with respect to the measure on any open set U C X\D\ 

this is because there exist positive constants Ci, C 2 such that 

n n 

^TXdzi A dzi < < C2\zi\'^'^~'^ ^/^dzi A dzi 

locally around £>, and \zi\‘^^~'^\/^Xdzi A dzi = 2r‘^^~^drd9, z\ = is integrable over the punctured 

unit disk in C. This fact will be used many times in what follows. 

In particular, the volume fx\D of Af \ H is finite. By regarding as an absolutely continuous 

measure on the whole of X, we shall write Vol(Af, Wsing) := Jx\d ^sing what follows. 

1.2 Momentum-constructed metrics and log Futaki invariant 

The study of cscK metrics is considered to be much harder than that of Kahler-Einstein metrics, since 
there is no analogue of the complex Monge-Ampere equation which reduces the fourth order fully nonlinear 
partial differential equation (PDE) to a second order fully nonlinear PDE. However, when the space X is 
endowed with some symmetry, it is often possible to simplify the PDE by exploiting the symmetry of the 
space X. One such example, which we shall treat in detail in what follows, is the momentum construction 
introduced by Hwang m and generalised by Hwang-Singer [20) . which works, for example, when X is the 
projective completion P(J^ © C) of a pluricanonical bundle over a product of Kahler-Einstein manifolds 


(see (3.1 for details). The point is that this theory converts the cscK equation to a second order linear 


ordinary differential equation (ODE)^ as we recall in (3.1 


Moreover, it is also possible to describe the cone singularities in terms of the boundary value of the 
function called momentum profile; a detailed discussion on this can be found in §3.2) This means that we 
have on A = P(A © C) a particular class of conically singular metrics, which we may call momentum- 
constructed conically singular metrics, whose scalar curvature is easy to handle. 

By using the above theory of momentum construction, we obtain the following main result of this paper. 
Suppose that is a product of Kahler-Einstein Fano manifolds i = l,...,r, each with 

b 2 (,Mi) = 1, and of dimension m so that n — I = ^ ■= ■> ^ be the 

canonical bundle of Mi, and pi : M ^ Mi be the obvious projection. The statement is as follows. 

Theorem 1.7. Let X := P(A © C), and write D for the oo-section o/P(A © C) and S for the generator 
of the fibrewise C*-action. Then, each Kdhler class [w] S il^(A, K) of X admits a momentum-constructed 
cscK metric with cone singularities along D with cone angle 2 Tr j3 £ [0, 00) if and only i/FutD_/3(S, [w]) = 0. 

The reader is referred to §3.1| for more details on this statement, including where the various hypotheses 
on X came from. Simple examples to which the above theorem applies are given in Remark |3.5| 

Remark 1.8. Note that the value of (3 for which this happens is unique in each Kahler class [w] £ H^{X, K), 
given by the equation Fut£)_^(5, [w]) =0 which we can re-write as 


13=1- Fut(S, [w]) / / 


Vol{D,uj) 


n! 


Id (n—1)! Yol{X,u}) Jx' 

where / is the holomorphy potential of S; the denominator in the second term is equal to Q{b){b — B/A) 


in the notation of (251, which is strictly positive. We also need to note that we do not necessarily have 


0 < /3 < 1; although we can show /3 > 0, there are examples where /3 > 1. See Remark 3.5 for more details. 
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Remark 1.9. A naive re-phrasing of the above result is that each rational Kahler class (or polarisation) 
of A = P(A © C) admits a momentum-constructed cscK metric with cone singularities along D with cone 
angle 27r/3 if and only if it is log A-polystable with cone angle 2tt/3 with respect to the product log test 
configuration generated by the fibrewise C*-action on X. To the best of the author’s knowledge, this is the 
first supporting evidence for the log Donaldson-Tian-Yau conjecture (Conjecture |2.15[ ) for the polarisations 
that are not anticanonical. 


1.3 Log Futaki invariant compnted with respect to the conically singular met¬ 
rics 


Although the log Futaki invariant is conjectured to be related to the existence of conically singular cscK 
metrics, the log Futaki invariant itself is computed with respect to a smooth Kahler metric in ci(L). We now 
consider the following question: what is the value of the log Futaki invariant if we compute it with respect 
to a conically singular Kahler metriclj^ Namely, we wish to compute the following quantity 


Futx),/3(^/, — / f { Ric(cUs 2 yig) OJsing 


lx 


A 


Sing 


-27r(l-/3) / / 




(n — 1)! 
Vol(-D, Losing 


(n-1)! Yol{X, Using) 


'X 


where S{uJsing) '■= voi(x\j —) /x ^ (n-1^)! • However, this is not a priori well-defined for any 

conically singular metric Using ; first of all / (n-l)! does not naively make sense as Using is not well-defined 

on D, and it is not obvious that the integral Ric(a;si„g) A or fRic{using) A makes sensej^ 

In what follows, we do not claim any result on this problem that is true for all conically singular metrics, 
and restrict our attention to the case where the conically singular metric Using has some “preferable” form. 
By this, we mean that Using is either of the following types. 


Definition 1.10. 


1. Let Ox{D) be the line bundle associated to D and s be a global section that defines I? by {s = 0}. 
Giving a hermitian metric h on Ox{D), we define u \= u + —ldd\s'^jf which is indeed a Kahler 
metric if A > 0 is chosen to be sufficiently small. Metrics of such form have been studied in many 
papers (la 0 na [22] amongst others), but, due to the apparent lack of the naming convention in the 
existing literatur^ we decide to call such a metric u a conically singular metric of elementary form. 


2. When A is a projective completion P(A © C) of a line bundle A over a Kahler manifold M, with the 
projection map p : A —)■ M, we can consider a momentum-constructed metric (as we mentioned in 
{ 1.2 see also (3.1 for the details). We have an explicit description of cone singularities, as we shall see 
in ^ 


What is common in these two classes of metrics is that they can be written as a sum of a smooth differential 
form on A and a term of order 0{\zi\^^), together with some more explicit estimates on the second 0(|zip^) 

®Auvray [I] established an analogous result for the Po inca re type metric, which can be regarded as the /3 = 0 case. 

^Note that Vol(X,does make sense by Remark 1.6 

® Calamai and Zheng [5] in fact call it a model metric, but we decide not to use this terminology in order to avoid confusion 
with the model cone metric that appeared in Remark 1.2 


5 



















term, which will be important for us in proving that these metrics enjoy some nice estimates on the Ricci 


(and scalar) curvature (cf. ^3.2[ (4.1); see also Remark 4.8 


For these types of metrics, a) and we first show that Ric(w) A and Ric(a;^) A uj^~^ define a 
current that is well-defined on the whole oi X. In fact, we can even show that they are well-defined as a 
current on any open subset in X, as stated in the following. They are the main technical results that are 
used in what follows to compute the log Futaki invariant. 

Theorem 1.11. Let Cj be a conically singular Kdhler metric of elementary form uj = w + X\/—ldd\s\'ff with 
0 < j3 < 1. Then the following equation 


/ /Ric(w) A - -— 

/n (n-1)! 


/ fS{Cj)^j5) [ f- 
Jn\D JnnD i 


CJ 


n —1 


holds for any open set fl C X and any f G C°°(X,] 


InnD — 1 )! 
), and all the integrals are finite. 


Theorem 1.12. Let p : X ^ M be a holomorphic line bundle with hermitian metric hjr over a Kdhler 
manifold {M,u}m), ctnd uj^p he a momentum-constructed conically singular Kdhler metric on X := P(J^ 0C) 
with a real analytic momentum profile ip and 0 < /? < 1. Then the following equation 


fRic{ujp) A 




n—1 


cj; 


n—1 


(n — 1)! Jn\D 


fSiujp)^+2n{l-P) 


f 


iQnD 


p*UJM{b) 

(n — 1)! 


holds for any open set Tl d X and any f G C°°{X, 
defined in 


), and all the integrals are finite, where ujM{b) is as 


Remark 1.13. We note that Theorems 1.11 and 1.12 bear some similarities to the equation (4.60) in 
Proposition 4.2 of the paper [32] by Song and Wang. The main difference is that our theorems show that 
Ric(a}) A (resp. Ric(a;,, 5 ) A w”“^) is a current well-dehned over any open subset in X, as opposed to 

just computing f^Ric(Lu) A (resp. fj^Ric(u!p) A indeed our proof is quite different to theirs, 

although we have in common the basic strategy of doing the integration by parts “correctly”. 


Recalling (cf. Theorem 2.17) that the log Futaki invariant Futu^/j is defined as a sum of the classical 


Futaki invariant (cf. Theorem 2.10) and a “correction” term, we first compute the classical Futaki invariant 
with respect to the conically singular metrics, of elementary form and momentum-constructed, as follows. 


Theorem 1.11 enables us to make sens^of the following quantity 

Fut(S,a}) := [ fl (^Ric(a}) — 

Jx \ n 


OJ 


.n—1 


(n- 1)!’ 


where H is the holomorphy potential of S with respect to uj. Similarly, Theorem 1.12 enables us to make 
sense of Fut(S,w,^) computed with respect to the momentum-constructed conically singular metric with 
real analytic momentum profile ip. The result that we obtain is as follows. 

Corollary 1.14. 

1. Suppose that 'E, is a holomorphic vector field on X which preserves D. Write H for the holomorphy 
potential of S with respect to uj, and H for the one with respect to a conically singular metric of 


^In fact, there is also a subtlety involving the asymptotic behaviour of the holomorphy potential H, cf. 54.3.1 and 54.3.2 
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elementary form uj with 0 < /3 < 1. Then we have 


Fut(^,w) = 


n\ 


lx\D 

■f 27r(l-^) 


H 


CO 


Yo\{D,lo) 


n\ 


Id (n—1)! Yo\{X,Lo) Jx 

where 5(a>) is the average of S [Co) over X\D and all the integrals are finite. 

2. Writing S for the generator of the fibrewise <C.*-action on X = P(J^ 0 C), and t for the holomorphy 
potential with respect to a momentum-constructed conically singular metric co^p with 0 < jd < 1, we 
have 


Fut(^, = 


IX\D 


t{S{uj^) - S{u}^)) — 


2^(1 - /?) fbYoliM,coM{b)) - 

\ Vol(A,w^) 


00 , 


lx n\ 


where D is the oo-section defined by t = b, and ooMib) is as defined in S'; see ^3.1\ All the integrals 
in the above are finite. 

We finally compute the log Futaki invariant, as stated in the following theorem; a key result is that the 
“distributional” term in Fut(S,a}) (resp. Fut(S,a;,^)) exactly cancels the “correction” term in the log Futaki 


invariant (cf. Corollary 5.3 (resp. Corollary |5.7[ )). We also prove a partial invariance result for the Futaki 
invariant, when it is computed with respect to these classes of conically singular metrics. For the smooth 
metrics, that the Futaki invariant depends only on the Kahler class is a well-known theorem of Futaki [T5] 
(cf. Theorem 2.10), where the proof crucially relies on the integration by parts. When we compute it with 
respect to conically singular metrics, we are essentially on the noncompact manifold X\D, and hence cannot 
naively apply the integration by parts. Still, we can claim the following result. 

Theorem 1.15. Suppose 0 < /3 < 3/4. 

1. The log Futaki invariant computed with respect to a conically singular metric of elementary form Co, 
evaluated against a holomorphic vector field 5 which preserves D and with the holomorphy potential 
H, is given by 

Futr,,/ 3 (S,w) = — / H(S(Co)-S{C j)) — , 

Jx\D 

and it is invariant under the change Co Co -\- yf—lddi/j for any smooth function ip G C°° {X, K) with 
Co 0 y/^ddtp >0 on X\D, i.e. 


Fut_D,/3(S,w 0 y/^ddip) = FutD,/3(-,w) = 

ZTT 


CO" 


IX\D 


H{S{Co)-m)^- 


In particular, if Co is cscK, FutD,/ 3 (‘=‘, Co 0 = 0 for any tp G C°°{X, K) with Co 0 y/^ddtp > 0 

on X \ D. 


2. Suppose that the a-constancy hypothesis (cf. Definition 3.1) is satisfied for our data, and let D he the 
oo-section of X = P(0' 0C). Then the log Futaki invariant computed with respect to a momentum- 
constructed conically singular metric co^,, evaluated against the generator S of fibrewise CC*-action, is 
given by 

Futo.pi'F., ujp,) = I T{S{co,p) - S{LOp,))^, 


lx\D 
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and it is invariant under the change uj,p i—^ + ^y—lddip for any smooth function ip G C°° {X, K) with 

+ V^ddip >0 on X\D. 

Remark 1.16. The author conjectures that the result should be true for 0 < /3 < 1 in general. 


1.4 Organisation of the paper 


We first review the basics on log H-stability and log Futaki invariant in 

discusses in detail the momentum-constructed conically singular metrics and log Futaki invariant, 


in particular our main result Theorem 1.7 13.1 is a general introduction, and §3.2| discusses some basic 
properties of momentum-constructed metrics that have cone singularities. §3.3| is devoted to the proof of 
Theorem 11.71 

^and discuss in detail the log Futaki invariant computed with respect to conically singular metrics. 


as presented in Q.3 After collecting some basic estimates on conically singular metrics of elementary form 


in M.l we prove in 14.2 that the current Ric(w) A a)” ^ (and Ric(a;,^) A w” is well-defined on the whole 


of X, as stated in Theorems |1.11| and |1.12| Corollary |1.14| is proved in §4.3[ 

ij^is concerned with the proof of Theorem 1.15 the main result of 15.1 is Corollary |5.3| (see also Remark 
5.4[), which reduces the claim (for the conically singular metrics of elementary form) to the computations 


that we do in 15.2 along the line of proving the invariance of the classical Futaki invariant (i.e. the smooth 


case). 15.3 establishes the claim for the momentum-constructed conically singular metrics. 
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2 Log Futaki invariant and log A"-stability 

2.1 Test configurations and A-stability 

We first recall the “usual” AT-stability. This was first introduced by Tian m and made a purely algebro- 
geometric notion by Donaldson Ha- 

Definition 2.1. A test configuration for a polarised projective scheme (A, L) with exponent r S N is a 
projective scheme X together with a relatively ample line bundle C over X and a flat morphism tt : A —>■ C 
with a C*-action on A, which covers the usual multiplication in C and lifts to C in an equivariant manner, 
such that the fibre 7r“^(l) is isomorphic to (A, L®”). 

Remark 2.2. We recall the following important and well known observations. 

1. By virtue of the (equivariant) C*-action on A, all non-central fibres A( := 7r“^(t) {t G C*) are isomor¬ 
phic and the central fibre Aq := 7r“^(0) is naturally acted on by C*. 

















2. We will of course exclusively focus on the case when X is a smooth manifold, but we remark that, 
even when the noncentral fibres are smooth, the central fibre A’g of a test configuration is usually not 
smooth. In fact, A’g is a priori just a scheme and not even a variety. 

3. A test configuration {X,C) is called product if X is isomorphic A x C. Note that this isomorphism 
is not necessarily equivariant, so X may have a nontrivial C*-action. {X,C) is called trivial if X is 
equivariantly isomorphic to A x C, i.e. with trivial C*-action on A. 

Remark 2.3. A well-known pathology found by Li and Xu m means that we may have to assume that 
A is a normal variety when (A, £) is not product or trivial. Alternatively, we may have to assume that the 
L^-norm of the test configuration (as introduced by Donaldson [16] 1 is non-zero to define the non-triviality 
of the test configuration, as proposed by Szekelyhidi [SU [35]. See also [siiiaEsi. 

Let (At,£t) be any fibre of a test configuration (A,£) with the polarisation given by Ct := C,\xf By the 
Riemann-Roch theorem and flatness, 

dk := dimR°(At,/:f'=) =ao/c”-bai/fc”-^ -bO(fc’^-2) 

with aojOi G Q. On the other hand, the C*-action on the central fibre (Ao,£o) induces a representation 
C* o R°(Ao,£®^). Let Wk be the weight of the representation C* ^ iL°(Ao, £q ^). Equivariant 
Riemann-Roch theorem (cf. [T5|) shows that 

Wk = -t 0{k^-^). 


Now expand 


Wk 

kdk 


Oo 




Definition 2.4. Donaldson-Futaki invariant DF{X, £) of a test configuration (A, £) is a rational number 
defined by DF{X,C) = {aobi — ai6o)/ao- 


Definition 2.5. A polarised projective scheme (A, £) is A-semistable if DF{X,C) > 0 for any test 
configuration (A, £) for (A, L). (A, L) is A-polystable if DF{X, £) > 0 with equality if and only if (A, £) 
is product, and is A-stable if DF{X,C) > 0 with equality if and only if (A,£) is trivial. 


We see that the sign of DF{X,C) is unchanged when we replace £ by £®’’. Therefore, once A is fixed, 
we may assume that the exponent of the test configuration is always 1 with L being very ample. 

The following conjecture, usually referred to as Donaldson-Tian-Yau conjecture, is well-known, and 
was solved when L = —Kx, i.e. on Fano manifolds [SIITIIHIISH] (cf. Remark 2.16). 


Conjecture 2.6. (Donaldson (TS], Tian [37], Yau [40j l (A, £) admits a cscK metric in Ci(£) if and only if 
it is A-polystable. 


We now discuss product test configurations and the automorphism group of (A, L) in detail. In this case, 
the Donaldson-Futaki invariant admits a differential-geometric formula as given in Theorem |2.f0[ which is 
called the (classical) Futaki invariant. We first briefly review the automorphism group of (A, £); the reader 
is referred to |24l [26] for more details on what is discussed here. 

Let Aut(A) be the group of holomorphic transformations of A which consists of diffeomorphisms of A 
which preserve the complex structure J, and we write Auto (A) for the connected component of Aut(A) 
containing the identity. 
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Definition 2.7. A vector field i; on X is called real holomorphic if it preserves the complex structure, 
i.e. the Lie derivative J of J along v is zero. A vector field S is called holomorphic if it is a global section 
of the holomorphic tangent sheaf Tx, i.e. S G H^{X,Tx)- 

Remark 2.8. ft is well-known (cf. [33 Proposition 2.11, Chapter IX]) that there exists a one-to-one corre¬ 
spondence between the elements in aut(A') and H°{X,Tx); the map : aut(X) 9 u >->■ G H°{X,Tx) 
defined by taking the (1, 0)-part and the map : H^{X, Tx) 9 S Re(S) G aui(Ai) defined by taking the 
real part are the inverses of each other. 

We now write Aut(Ar, L) for the subgroup of Aut(Ai) consisting of the elements whose action lifts to an 
automorphism of the total space of the line bundle L, and write Auto(A', L) for the identity component of 
Aut(X, L). It is known that for any v G LieAuto(X, L) and a Kahler metric w on X there exists / G C°° {X, C) 
such that 


6(ui’°)a; = -a/, 

where 6 denotes the interior product. Such / is called the holomorphy potential of with respect to 
w. Conversely, if S G H^{X^Tx) admits a holomorphy potential, then Re(S) G LieAuto(X,L) (cf. [26l 
Theorem 1] and [341 Theorems 9.4 and 9.7]). 


Remark 2.9. It is immediate that a (nontrivial) product test configuration for {X,L) is exactly a choice 
of 1-parameter subgroup C* in Auto(X, L), where we recall that the C*-action has to lift to the total space 
of the line bundle L to define a test configuration (cf. Definition 2.11. If we write v G LieAuto(X, L) for 
the generator of this subgroup C* < Auto(X, L), the above argument shows that G H^{X,Tx) admits 
a holomorphy potential, and that conversely S G H^{X,Tx) admitting a holomorphy potential defines a 
1-parameter subgroup C* < Auto(X, L) under the correspondence in Remark 2.8 To summarise, a product 
test configuration is exactly a choice ofSG H^{X,Tx) which admits a holomorphy potential. 


Finally, we recall the following well-known theorem. 

Theorem 2.10. (Donaldson [T^, Futaki [TB]) Let f G C°°{X,C) be the holomorphy potential of a holomor¬ 
phic vector field 'E.f on X with respeet to a Kahler metric uj G ci(L). If {X,C) is the product test configuration 
generated by 'E.f, the Donaldson-Futaki invariant can be written as 

DF(X,C) = -JjiSi.)-S)-, 

where S{uj) is the scalar curvature of uj and S is the average of S{uj) over X. The integral in the right hand 
side 

Fut(S/, [w]) := / /(S'(a;) - 5)^, 

called the Futaki invariant or classical Futaki invariant, does not depend on the specific choice of 
Kahler metric uj, i.e. is an invariant of the cohomology class [w]. 


2.2 Log iC-stability 


Donaldson m introduced the notion of log AT-stability, in the attempt to solve Conjecture |2.6| for the Fano 
manifolds; see also Remark nn This is a variant of AT-stability that is expected to be more suited to 
conically singular cscK metrics. We refer to daiss] for a general introduction. 
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This purely algebro-geometric notion can be defined for an n-dimensional polarised normal variety {X, L) 
together with an effective integral reduced divisor D C X, but we will throughout assume that {X,L) is a 
polarised Kahler manifold and D C X is a smooth effective divisor as this is the case we will be exclusively 
interested in. We write ((X, D);L) for these data. 

Suppose now that we have a test configuration {X,C) for {X,L). As in p.l[ the equivariant C*-action 
on X induces an action on the central fibre Aq, and hence an action on H^{Xq^ C’^^\xo) for any fc S N. We 
write dk for dim and Wk for the weight of the C*-action on As we 

saw in these admit an expansion in A: 3> 1 as 

dk = + • • • 

Wk = + bik^ + • • • 


where a^, bi are some rational numbers. 

The C*-action on X naturally induces a test configuration (I?,£|-d) of {D,L\d) by supplementing the 
orbit of D (under the C*-action) with the flat limit. Similarly to the above, writing Vq for the central fibre, 
we write dk for dim{V q, and Wk for the weight of the C*-action on /\““ A2®^|x)o)- We 

have the expansion 

dk = oofc”“^ + H- 

Wk = b^k^ + + • • • 


exactly as above, where di, bi are some rational numbers. 

Thus a test configuration {X,C) and a choice of divisor D C X gives us two test configurations {X,C) 
and (I?, £|-d). We call the pair {X^C) and (I?,£|x)) constructed as above a log test configuration for the 
pair {{X,D)]L), and write {{X,'D)\C) to denote these data. We now define the log Donaldson—Futaki 
invariant 

DF(X. D,£,/!):= " °-V) _ (i _ , 3 ) f. (1) 

ao \ ao J 

analogously to Definition |2.4[ 

We now consider a special case where the log test configuration ({X, !));£) is given by a C*-action on X 
which lifts to L and preserves D. We then have isomorphisms X = X and V = D x C, and in particular 
the central fibre Xq (resp. Vo) is isomorphic to X (resp. D). Note that the above isomorphisms are not 
necessarily equivariant, and hence the central fibres Xq = X and Vq = D could have a nontrivial C*-action. 
In this case the log test configuration {{X ^V)\ C) is called product. In the more restrictive case where the 
above isomorphisms are equivariant, i.e. when C*-action acts trivially on the central fibres Xq = X and 
Vq = D, the log test configurations is called trivial. 


Remark 2.11. As in Remark 2.9 a product log test configuration is exactly a choice of .n € H^{X,Tx) 
that admits a holomorphy potential and preserves D (i.e. is tangential to D). 


With these preparations, the log A'-stability can now be defined as follows. 

Definition 2.12. A pair ((X, D); L) is called log AT-semistable with cone angle 27r/3 if DF{X, V, £, /3) > 
0 for any log test configuration {{X,V); C) for {{X, D); L). It is called log A'-polystable with cone angle 
27r/3 if it is log AT-semistable with cone angle 27r/3 and DF{X,V,C,I3) = 0 if and only if ((X,V);C) is 
product. It is called log AT-stable with cone angle 2tt/3 if it is log AT-semistable with cone angle 2ti(3 and 
DF{X,V,C,13) = 0 if and only if ((A, !?);£) is trivial. 
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Remark 2.13. We need some restriction on the singularities of X and V to define log if -stability (cf. Remark 


2.3), when the log test configuration is not product or trivial (cf. [30]), but we do not discuss this issue since 


only the product log test configurations will be important for us later. 


Remark 2.14. While we shall see later (cf. Corollary |5.3| and Remark 5.4 that follows) in differential- 
geometric context how the “extra” terms (1 — /3) ~ in ( 1 ) (or the corresponding terms in ( 2 )) come 

out, they come out naturally in the blow-up formalism in algebraic geometry (cf. [301 Theorem 3.7]j. 


The following may be called the log Donaldson—Tian—Yau conjecture. This seems to be a folklore 
conjecture in the field, and is mentioned in e.g. mm- 

Conjecture 2.15. {{X, D)-, L) is log if-polystable with cone angle 27r/3 if and only if X admits a cscK 
metric in ci{L) with cone singularities along D with cone angle 2ttI3. 


Remark 2.16. When X is Fano with L = —XKx (for some A € N) and D G \ — XKx\, this conjecture was 
affirmatively solved by Berman |2], Chen-Donaldson-Sun ISIZlIH], and Tian [38] . Berman |2] first proved 
that the existence of conically singular Kahler-Einstein metric with cone angle 2tt(3 implies log if-stability 
of {{X,D)-,—XKx) with cone angle 27r/3. Chen-Donaldson-Sun [51171IH] and Tian [35] proved that the log 
if-stability with cone angle 27r/3 implies the existence of the conically singular Kahler-Einstein metric with 
cone angle 2tt(3, in the course of proving the “ordinary” version of the Donaldson-Tian-Yau conjecture 
(Conjecture |2.6[) for Fano manifolds. 


Let / G C°°{X,C) be the holomorphy potential, with respect to w, of the holomorphic vector field 
Sj on X which preserves D. Recall that we use the sign convention = —df for the holomorphy 

potential. Let ((Y,!?);£) be the product log test configuration defined by S/ (cf. Remark 2.11). In this 
case, a straightforward adaptation of the argument in [151 § 2 ] shows the following. 


Theorem 2.17. (Donaldson [T51ll7j l The log Donalds on-Futaki invariant reduces to the following differential- 
geometric formula 


DF{X,V,C,P) = FntDA^fA^]) 


■= ^Fut(Sj, [w]) - (1 - /3) 


f-. 


Vo\{D,uj) f ^u! 


( 2 ) 


Id (^~1)! Vol(X, w) Jjjf n\ 
defined for some (in fact any) smooth Kohler metric w G cffL), when the log test configuration {{X,D)-, C) is 
product, defined the holomorphic vector field'E.f on X which preserves D. In the formula above, Xo\{D,ui) 

Id (n-i)! Vol(Y, w) := A ^^6 volumes given by the smooth Kdhler metric lo G ci{L). 

We may call the above Futu,^ the log Futaki invariant, where the fact that Fut£i,/ 3 (S/, [w]) depends 
only on the Kahler class [w] (and not on the specific choice of the metric) can be shown exactly as the 
classical case; see e.g. [34l §4.2]. 


3 Momentum-constructed cscK metrics with cone singularities 
along a divisor 

3.1 Background and overview 

Consider a Kahler manifold {M,uim) of complex dimension n — 1 together with a holomorphic line bundle 
p : F ^ M, endowed with a hermitian metric hjr with curvature form 7 := —ff—ldd log hx- We first consider 
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Kahler metrics on the total space of J", which can be regarded as an open dense subset of X := P(J^ 0 C); we 
shall later impose some “boundary conditions” for these metrics to extend to X. Consider a Kahler metric 
on the total space of X of the forn|^p*a;M + dd‘^f{t), where / is a function of t, and t is the log of the 
fibrewise norm function defined by hjr serving as a fibrewise radial coordinate. A Kahler metric of this form 
is said to satisfy the Calabi ansatz. 

This setting was studied by Hwang m and Hwang-Singer m. in terms of the moment map associated 
to the fibrewise C/(l)-action on the total space of J-. Suppose that we write for the generator of this 
17(l)-action, normalised so that exp(27rgg) = 1, and r for the corresponding moment map with respect to 
the Kahler form w/ := p*ujm + dd‘^f{t). An observation of Hwang and Singer [5D] was that the function 
is constant on each level set of r, and hence we have a function ip : I ^ R>o, defined on the range 
/ C R of the moment map r, given by 


p{t) 


_5 


2 


which is called the momentum profile in | 20 ) . 

An important point of this theory is that we can in fact “reverse” the above construction as follows. We 
start with some interval J C R (called momentum interval in [20]) and t G I such that 


wm ( t ) := OJM -Tj > 0, 


(3) 


and write {p : {F,hjr) —>• (M, wm),.^} for this collection of data. We now consider a function p which is 
smooth on I and positive on the interior of I. Proposition 1.4 (and also §2.1) of |2^ shows that the Kahler 
metric on T defined by 

Wco := p*ojm — Tp*j + —dr A = p*ujm{t) + —dr A d^T (4) 

ip p 

is equal to uif = p*ujm + dd‘^f{t) satisfying the Calabi ansatz, where (/, t) and (<p,r) are related in the way 
as described in (2.2) and (2.3) of ^D] . 

We now come back to the projective completion X = P(J^ 0 C) of F, and suppose that w/ = p*ujm + 
dd'^f{t) extends to a well-dehned Kahler metric on A. In this case, without loss of generality we may 
write I = [—&, b] for some b > 0] t = b (resp. t = —b) corresponds to the oo-section (resp. 0-section) of 
X = P(J' 0 C), cf. [201 §2.1]- Hwang [T9| provecQthat the condition for uj^p defined by Q to extend to a 
well-dehned Kahler metric on X is given by the following boundary conditions for p at dl: p{Fb) = 0 and 
p'{±b) = 02 . We can thus construct a Kahler metric on X from the data {p : {F,hjr) —>• 
and such is said to be momentum-constructed. 

We recall the following notion. 

Definition 3.1. The data {p : {F,hjr) -g {M,ujm), 1} are said to be cr-constant if the curvature endo¬ 
morphism has constant eigenvalues on M, and the Kahler metric (on M) has constant scalar 

curvature for each t G I. 


The advantage of assuming the cr-constancy is that the scalar curvature S^uJip) of cOp, can be written as 

S{ujp) = R{t) - ^ ^ (pQ) (r) (5) 


^We shall use the convention d'^ := y/ —l{d — d). 

^See also |20l Proposition 1.4 and §2.1]. The boundary condition of (p at dl = {i6} will be discussed later in detail. 
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in terms of r, where 


( 6 ) 


Q{t) := 




and 


i?(T) :=tr^„(^)Ric(wM) (7) 

are both functions of r by virtue of the cr-constancy hypothesis. Note that ([^ means that the cscK equation 
S{uj^) = const is now a second order linear ODE. 

In what follows, we assume that (M, wm) is a product of Kahler-Einstein manifolds and := 

where U G Z, Pi : M ^ Mi is the obvious projection, and Ki is the canonical bundle of Mt (we 
can in fact assume U G Q as long as Kf’’' is a genuine line bundle, rather than a Q-line bundle). It is easy 
to see that this satisfies the cr-constancy. We also assume that each Mi is Fano, as in m-, this hypothesis is 
needed in the Appendix A of m, which will also be used in 1]3.3.1[ 


We now recall the work of Hwang (cf. [121 Theorem 1]), who constructed an extremal metric on A = 
P(A 0 C) in every Kahler class. 

Theorem 3.2. (Hwang [T21 Corollary 1.2 and Theorem 2]) The projective completion P(A © C) of a line 
bundle T := , over a product of Kahler-Einstein Fano manifolds, each with the second Betti 

number 1, admits an extremal metric in each Kahler class. 

Remark 3.3. We also recall that the scalar curvature of these extremal metrics can be written as 5'(w,^) = 
(To + At where (Tq and A are constants (cf. |19l Lemma 3.2]). 

Whether this extremal metric is in fact cscK depends on if the (classical) Futaki invariant vanishes 
(Theorem |2.10| ) ; see also e.g. [3H Corollary 4.22]. Hwang’s argument, however, gives the following alternative 
viewpoint on this problem. The above formula S{ujip) = (Tq © Ar for the scalar curvature of the extremal 
metric implies that UJ^p is cscK if and only if A = 0, and hence the question reduces to whether there exists 
a well-defined extremal Kahler metric uj^ such that S{uj^) has A = 0. As Hwang [TS] shows, the obstruction 
for achieving this is the following boundary conditions for p a.t dl = {—b, +b}: p{±b) — 0 and p'{±b) = © 2 . 
They are the conditions that must be satisfied for uj^ to be a well-defined smooth metric on X; p{±b) — 0 
means that the fibres “close up”, and p'{ztb) = ©2 means that the metric is smooth along the oo-section 
(resp. 0 -section). 

It is not possible to achieve A = 0, ©(± 6 ) = 0, ©'(± 6 ) = ©2 all at the same time if the Futaki invariant is 
not zero. On the other hand, however, we can brutally set A = 0 and try to see what happens to ©(±&) and 
©'(±6). In fact, it is possible to set A = 0, ©(±&) = 0, and ©(—&) = 2 all at the same tim^ as discussed in 


[T21 §3.2] and recalled in (3.3.1 below. Thus, we should have ©'(&) —2 if the Futaki invariant is not zero. 

A crucially important point for us is that the value — 7 r©'( 6 ) = 27r/3 is the angle of the cone singularities that 
the metric develops along the (X)-section, if © is real analytic on I. This point is briefly mentioned in m 
p2299] and seems to be well-known to the experts (cf. |28l Lemma 2.3]). However, as the author could not 
find an explicitly written proof in the literature, the proof of this fact is provided in Lemma |3.6[ §3.2[ where 
the author thanks Michael Singer for the instructions on how to prove it. 

What we prove in ( 3.3. 1| is that it is indeed possible to run the argument as above, namely it is indeed 
possible to have a cscK metric on X in each Kahler class, at the cost of introducing cone singularities along 

®It is possible to set y(6) = —2 instead of ifi—b) = 2 in here, and in this case will be smooth along the oo-section with 
cone singularities along the 0-section; this is purely a matter of convention. However, just to simplify the argument, we will 
assume henceforth that is always smooth along the 0-section with the cone singularities forming along the oo-section. 
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the (X)-section. An important point here is that the cone angle 27r/3 is uniquely determined in each Kdhler 


class; we can even obtain an explicit formula (equation (22|) for the cone angle. 

We compute in §3.3.2| the log Futaki invariant. The point is that the computation becomes straightforward 
by using the extremal metric, afforded by Theorem |3.2| It turns out that the vanishing of the log Futaki 


invariant gives an equation for /? to satisfy (equation (26)); in other words, there is a unique value of /3 for 


which the log Futaki invariant vanishes. The content of our main result. Theorem |1.7| is that this value of 
/3 agrees with the one for which there exists a momentum-constructed conically singular cscK metric with 


cone angle 27r/3 (equation (22)). 


Remark 3.4. The hypothesis b 2 {Mi) = 1 in Theorem 1.7 is to ensure that each Kahler class of X can be 


represented by a momentum-constructed metric, as we now explain. Observe first that b 2 {Mi) = 1 implies 
i7^(M,K) = 0-IR[p*a;i], by recalling that every Fano manifold is simply connected (cf. [9]). Thus recalling 
the Leray-Hirsch theorem, we have 


M) = K) © Mci(^) = p* 



©Kci(0, 


i.e. each Kahler class on X can be written as o:iP*[p*u!i] + ar.+iCi(^) for some ai > 0, where ^ is the 

dual of the tautological bundle on X. We can now prove (cf. [191 Lemma 4.2]) that each Kahler class can 
be represented by a momentum-constructed metric = p*ujm — rp*^ + ^dr A d^r as follows. Observe now 
that the form —rp*^ + ^dr A d^r is closed. Thus its cohomology class can be written as 


— Tp*"f + \dT A d‘^T 


= X! + Oir+lCliO 


for some a) > 0. We shall prove in Lemma 3.9 that any momentum-constructed metric with the momentum 


interval I = [—b,b] has fibrewise volume 47r&. This proves = 47r6. Thus, writing ujm = J2i=i 

see that [oj^] = + ^i)P*[P*^i] + 47r6ci(^). Thus, given any Kahler class in k G H^{X,R), we can 

choose Oii and b appropriately so that = k. 

Remark 3.5. We do not necessarily have 0 < /? < 1 in Theorem |1.7[ although /3 > 0 always holds, as we 

51 


prove in (3.3.1 there are examples where /3 > 1. Indeed, when we take M = x P^, ujm = PxOJke+P 2 ^ke 


for the Kahler-Einstein metric ujke £ 27rci(—ATpi) and F = p\{—K’^i) ®p2{2K’^i), we always have /3 > 1 as 
shown in Figure by noting that 0 < 6 < 0.5 gives a well-defined momentum interval. 

On the other hand, as shown in Figurej^ F = p’^(—2Kpi)0p2(Kpi) with M and ujm as above, 0 < 6 < 0.5 
implies 0.3 ;< /3 < 1; in particular Theorem |1.7| is not vacuous even if we impose an extra condition 0 < /? < 1. 
The author could not find an example where /3 = 0 is achieved. 


3.2 Some properties of momentum-constructed metrics with ^'{h) = -2/? 


We do not assume in this section that the cr-constancy hypothesis (cf. Definition 3.1) is necessarily satisfied, 
but do assume that (p is real analytic. 

We first prove that <p'{b) = —2/3 does indeed define a Kahler metric that is conically singular along the 
oo-section. The author thanks Michael Singer for the instructions on the proof of the following lemma. 

Lemma 3.6. (Singer |31| : see also Li |28L Lemma 2.3]) Suppose that co^p is a momentum-constructed Kdhler 
metric on X = P(J^ © C) with the momentum interval I = [—6, 6] and the momentum profile ip that is 
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Figure 1: Graph of as a function of & for on M = x P^. 


beta 



Figure 2: Graph of /3 as a function of & for = p\{K^i) G p 2 {Kpi) on M = P^ x P^. 
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real analytic on I with ^>(±6) = 0, ip'{—b) = 2, and ip'{b) = —2/3. Then uj^p is smooth on X \ D, where 
D — {t = b} is the oo-section, and has cone singularities along D with cone angle 27r/3. Moreover, choosing 
the local coordinate system (zi,...,z„) on X so that D = {zi = 0} and that (z 2 , ■ ■ ■, Zn) defines a local 
coordinate system on the base M, b — t can he written as a locally uniformly convergent power series 

b-T = Ao\z,\^^ + 

around D = {t = h} = {zi = 0}, where Ai’s are smooth functions which depend only on the local coordinates 
{z 2 , - ■ ■, Zn) on M, and > 0 is in addition bounded away from 0. 

Thus (p{t) can be written as a locally uniformly convergent power series around D 

OO 

^(r) = 2/3A'Jzi|2^ + 5]4|zir\ (8) 

i=2 

where A'^ ’s are smooth functions which depend only on the local coordinates (z 2 , ..., z„) on M, and A[ > 0 is 
in addition bounded away from 0. This means that the metric g^ corresponding to uj^ satisfies the following 
estimates around D: 


1. {9^)^l=0{\z,\^P-^), 

{9v)Tj = 0{\zi\'^^-^) (j + 1), 

3 - i9<p)ij = 0 ( 1 ) (i,j 1), 

i.e. LOp is a Kdhler metric with cone singularities along D with cone angle 27r/3 (cf. Definitional^. 

Proof. Since Lemma 2.5 and Proposition 2.1 in |19] imply that is smooth on X \ H, we only have to 
check that the condition (p'{b) = —2/3 implies that has cone singularities along D with cone angle 27r/3. 
Writing t for the log of the fibrewise length measured by hjr, we have 


dt = 


dr 


(9) 


by recalling the equation (2.2) in [20) . We now write (p as a convergent power series in 6 — r around r = 6 as 

OO 

(^(r) =2/3(6-r) + ^a'(6-r)*, (10) 

i=1 

since we assumed that p is real analytic, where a'fs are real numbers. Note that the coefficient of the first 
term is fixed by the boundary condition p'Ifi) = —2/3. This gives 

1 1 °° ■ 
t = - log hjrifi, 0 = - ^ log(6 -t)+Y^ a'lib - + const 


with some real numbers a'f, where ^ is a fibrewise coordinate on X —> M. 

On the other hand, since C is a fibrewise coordinate on X —>■ M, it gives a fibrewise local coordinate 
of P(X 0 C) —>■ M around the 0-section; in other words, at each point p G M, ( gives a local coordinate 
on each fibre in the neighbourhood containing 0 = [0 : 1] G P^. Since t = b defines the oo-section 
of P(L ©€)—>■ M, it is better to pass to the local coordinates on P^ in the neighbourhood containing 
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oo = [1 : 0] G in order to evaluate the asymptotics as r —^ 6. The coordinate change is of course given by 
C 1/C =: zi, and hence we have 

1 11 1 

-logV(C,C) = 2 ^^- log(6-r) +^a"(&-r)*-i + const 


by writing hjr = e'^-^ locally around a point p G M. This means that there exists a smooth function 
A = A(z 2 , ..., Zn) which is bounded away from 0 and depends only on the coordinates (z 2 , • ■ • > Zn) on M 
such that 

( OO 

^ + {h - t) 

i=i 

with some real numbers a'" and hence, by raising both sides of the equation to the power of /3 and applying 
the inverse function theorem, we have 



b-T = Ao\zi 


12/3 


1 + ^Gli 


■Zi 


2fii 


( 11 ) 


as a locally uniformly convergent power series around D = {t = b} = {zi = 0}, where each Ai = 
Ai{z 2 , ■ • ■, Zn) is a smooth function which depends only on the coordinates (z 2 j • ■ •, Zn) on M, and Ag > 0 is 
in addition bounded away from 0. In particular, we have b— t = 0(|zip^), and combined with the equation 
(10), we thus get the result (1^ that we claimed. 


We now evaluate -dr A in = p*ujm — rp*^ + -dr A d'^r. The above equation (111 means 


d{b-T) = AqI3\zi\^^ '^ZiBidzi + |zip^ .B2,/dz, 


and 


where we wrote Bi 


d{b -t)= Alo/3|zi|2/3-2ziBidzi + \zi\'^P Y. 

2=2 


1 + and 52,* := ^ + We thus have 


dr A d'^T = d{b — r) A d'^{b — r) 

n 

= Idzi A dzi + 2/3|zi|‘^^“^zi*4o5i 'Y, B2^iV^dzi A dzi 

i=2 

+ c.c. + 0{\zY^). (12) 

where 0(|zi|'^^) stands for a term of the form 

X (smooth function in (z2, ■ ■ •, Zn)) 

X (locally uniformly convergent power series in |zip^). 

We now estimate the behaviour of each component {g^)ij of the Kahler metric uj^ = JYj-i IdziA 

dzj in terms of the local holomorphic coordinates (zi^ Z 2 , ■ ■ ■, Zn) on X. The above computation with 
p{t) = 0{\zi\Y means that = 0 (|zi p/5-2)^ = q(|^^|2/3-1) ^ ^ ^ j^g 

it approaches the oo-section, proving that ujip has cone singularities of cone angle 2^/3 along D. 

□ 
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We also see that the above means that the inverse matrix satisfies the following estimates. 

Lemma 3.7. Suppose that is a momentum-constructed conically singular Kdhler metric with cone angle 
27r/3 along D = {zi = 0}, with the real analytic momentum profile ip. Then, around D, 

1. {g^r = o{\z,r^p), 

2- {g^pY^ = 0{\zi\) if j Y 1 , 

3. (5^)b=0(l) 

Thus, = 'YYi j=i {dvY^ dz dz f bounded if f is a smooth function on X. Also, if f' is a smooth 

function on X \ D that is of order around D, then = 0(1) + 0(|zip^). In particular, A^^/' 

remains bounded on X \ D. 

We now prove the following estimates on the Ricci curvature and the scalar curvature of uJip around the 
oo-section, i.e. when t ^ b. 


Lemma 3.8. Choosing a local coordinate system {zi,..., Zn) on X so that zi is the fibrewise coordinate 
which locally defines the oo-section D by zi = 0 and that {z 2 , ■ ■ ■, Zn) defines a local coordinate system on 
the base M, we have, around D, 


1. Ric(w^)ii = 0(1)+ 0(|zip^ Y, 

2. Ric(cc^)y = 0(1) + 0(|zi|2/5-i) (j Y V, 

3. Ric(w^)ij = 0(1)+ 0(|zip'^) (i,jYI), 


for a momentum-constructed metric ujy, with smooth p and p'(b) = —2j3. In particular, combined with 
Lemma 3.1. we see that S{uJ^p) is bounded on X \ D if 0 < Y < 


Proof. First note that (cf. Lemma 3.6 the equation (|^, and [501 p2296]) = ^p*ujm{t)'^~^ A dr A d°T is 

of order 

w” = \zi\‘^^~'^Fp*ujMiT)‘^~^ A V^dzi A dzi, 

where F stands for some locally uniformly convergent power series in \zi\‘^^ that is bounded from above and 
away from 0 on A \ O (this follows from Lemma 3.6). 

Writing ojq := p*u)m + dojps for a reference Kahler form on A = P(J' 0 C), where ujps is a fibrewise 
Fubini-Study metric and <5 > 0 is chosen to be small enough so that wq > 0, we thus have 

n—1 


cff _ P*UJm{tT I, |2/3-2p. 

, ,n ,n-l I ^ 




with another locally uniformly convergent power series F' in on A \ H, which is bounded from above 

and away from 0 (note also that the derivatives of F' in the zi-direction are not necessarily bounded on 
X\D due to the dependence on they may have a pole of fractional order along D). Recalling we 

see that p*u!m{tY ~^depends polynomially on r. We thus have a locally uniformly convergent power 
series 




LUpi 




Fn 


E 

1=1 



19 







with some smooth functions Fj depending only on the coordinates {z 2 , ■ ■ ■, Zn) on M, where Fq is also 
bounded away from 0 . 

Choosing a local coordinate system (zi,..., z„) on X so that D = {zi = 0} and that (z 2 , ■ • ■ , Zn) defines 
a local coordinate system on the base M, we evaluate the order of each component of the Ricci curvature 
Ric(w^) = —y^^ddlog around the oo-section, i.e. as r —>• 6 . Writing Ric(a;^)jj = — q^_q^_ log 

and noting log |zip = 0 on X\D for all i,j, we see that Ric(a;^)ij = 0(1) + 0(|zip^“^), Ric(a;;^)y = 

0(1) + 0(|zip^“^) (j ^ 1), and Ric(w<^)jj = 0(1) + 0(|zip^) (z, j ^ 1). In particular, we see that 5'(a;,^) is 
bounded if 0 < ,5 < 1 . 

□ 


3.3 Proof of Theorem 11.71 


3.3.1 Construction of conically singular cscK metrics on X = P(J^ 0 C) 


We start from recalling the materials in §3.2 of 
define a function 


particularly m Propositions 3.1 and 3.2]. We first 


4>{t) ■■= , ' ( 2(t + b)Q{-b) - 2 [ (cto + Ax - R{x)){t - x)Q{x)dx 

Qv) \ J—b 


(14) 


where Q{t), R{t) are defined as in § and Q. These being functions of r follows from cr-constancy 
(Definition [3^ . We re-write this 


as 


{(I)Q){t) = 2(r + b)Q{-b) - 2 f (cto + Ax - R{x)){t - x)Q{x)dx, 

J-b 


and differentiate both sides of (15) twice, to get 


=^0 + At. 


(15) 


(16) 


We can show, as in [m Proposition 3.1], that there exist constants (Tq and A such that (f) satisfies (^(±5) = 0, 
4>'{Fb) = 02 , and (()(t) > 0 if t S (— 6 , 6 ); namely that (j) defines a smooth momentum-constructed metric 
We thus have S{uj^) = erg + At, by recalling ([^ and (16 1 , so that uj^ is extremal. 

Roughly speaking, our strategy is to “brutally substitute A = 0” in the above to get a cscK metric with 
cone singularities along the oo-section. More precisely, we aim to solve the equation 




( 17 ) 


with some constant CTq, for a profile ip that is strictly positive on the interior (— 6 , 6 ) of I with boundary 
conditions (p{b) = ip{—b) = 0 and p'{—b) = —2. The value if'{b) has more to do with the cone singularities 
of the metric and we shall see at the end that the metric associated to such ip defines a Kahler metric 
with cone singularities along the oo-section with cone angle —Tnp'ib) = 27r/3. 

Since 

•= (^ 2 (t + b)Q{-b) -2 J ^(a'g - R(x))(t - x)Q(x)dx^ 

certainly satisfies the equation we are reduced to checking the boundary conditions at dl and the 

positivity of ip on the interior of I. Note first that the equality 

{(pQ){t) = 2{t+ b)Q{-b) - 2 f - R{x)){t - x)Q{x)dx (18) 

J-b 
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immediately implies that <f{—b) = 0 and (p'{—b) = 2 are always satisfied. Imposing if{b) = 0, we get 


0 = 2bQ{—b) — f {aQ — R{x)){b — x)Q{x)dx 

J-b 


(19) 


from (18), which in turn determines ctq. Differentiating both sides of (18) and evaluating at 6, we also get 


(p'{b)Q{b) = 2Q{-b) - 2 / (o-g - R{x))Q{x)dx. 

J-b 


( 20 ) 


Writing A := J^f^Q{x)dx and B := J^^xQ{x)dx we can re-write (19), (20) as 

/A(Tg\ _ / Q{-b) - ip'{b)Q{b)/2 + R{x)Q{x)dx ^ 

iscrgi \-bQ{-b)-bip'{b)Q{b)/2 + j’^f^xR{x)Q{x)dx . 


( 21 ) 


which can be regarded as an analogue of the equations (26) and (27) in [T^]. The consistency condition 
B{AaQ) = A{B(7q) gives an equation for (p'{b), which can be written as 


^'(b) 

2 


Q{—b) J^^{b + x)Q{x)dx — J^^Q{x)dx J^^xR{x)Q{x)dx + f^f^xQ{x)dx J^^R{x)Q{x)dx 

Q{b) fibib - x)Q(x)dx 


Q(—b)(bA + B) — A f_^ xR(x)Q(x)dx -I- B f_^ R(x)Q(x)dx 


( 22 ) 


Q(b)(bA-B) 

Summarising the above argument, we have now obtained a profile function ip which solves 0 with 
boundary conditions (p(b) = ip(—b) = 0, (p'{—b) = —2, and <p'{b) as specified by (22). Now, Hwang’s 
argument nn Appendix A] applies word by word to show that ip is strictly positive on the interior of /, and 
hence it now remains to show that the Kahler metric uj^p has cone singularities along the oo-section. Since 
Q(t) is a polynomial in r and R{t) is a rational function in t (with no poles when r S [—6, b\), we see from 
(17) that p is real analytic on / = [—b,b] by the standard ODE theory. Thus the value —TTp'{b) = 2 tt(3 is 
the angle of the cone singularities that uj^p develops along the oo-section of A = P(A 0 C), by Lemma 3.6 


This completes the construction of the momentum-constructed conically singular metric uip, with cone angle 
—Trp'{b) = 27r/3 as specified by (22). 

We also see p'{b) < 0 since otherwise p'{—b) > 0, p'{b) > 0, and p{±b) = 0 imply that p has to have a 
zero in {—b,b), contradicting the positivity </? > 0 on {—b,b). Hence /3 > 0. 

Finally, we identify the Kahler class S i7^(A, K) of the momentum-constructed conically singular 
cscK metric utp. We first show that the restriction Wi^lgbre of ujp to each fibre has (fibrewise) volume 47r6. 
This is well-known when the metric is smooth, but we reproduce the proof here to demonstrate that the 


same argument works even when ut^p has cone singularities. Related discussions can also be found in (5.3 
(see Lemma 5.6 in particular). 

Lemma 3.9. ([13 §4] or (23 §2.1]) Suppose thatujp, is a (possibly conically singular) momentum-constructed 
metric with the momentum profile p : [—6, 6] —>■ K>o. Then the fibrewise volume of u^p is given by Airb. 

Proof. The equation ([^ means that the restriction of ujp at each fibre (which is isomorphic to P^) is given 
by (cf. equation (2.5) in (23) 


w,p|fibre = x‘^(t)|C| “^V^dC AdC = p{T)r ^rdrAdd 
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where ( = is a holomorphic coordinate on each fibre (| • | denotes the fibrewise Euclidean norm defined 

by hjr; see [20l §2.1] for more details). By using ([^, we can re-write this as 

Wwlfibre = ^r~^dr Ad6 = ^dr A d6 (23) 

dt dr 

since t = log r. Integrating this over the fibre, we get 




dr , 

—dr = 27r 
dr 


dr = Anb 


-b 


since t = b corresponds to oo S and r = —6 to 0 G P^. 


□ 


Thus we can write [w^] = o:iP*[Pi^i\ + 47r5ci(^) for some > 0, in the notation used in Remark 


for some at > 0. On the other hand, since Wi^Im = ^M{b) = (where M is identified with the 0-section), 
it immediately follows that at = Ui for all i, i.e. [w^j = [uj^]. 


3.4 


Since the same proof applies to the smooth metric ui^, we also have [w^j = ^iP*[Pi‘^i] + 47r6ci(^) 


3.3.2 Computation of the log Futaki invariant 


We again take the (smooth) momentum-constructed extremal metric with (j) defined as in (14), and write 
S{u!^) = uq + Xt for its scalar curvature. 

Recall that the generator Vf oi the fibrewise t7(l)-action has ar as its Hamiltonian function with respect 
to ujfj) (cf. [201 §2-1]), with some a G K up to an additive constant which does not change Vf. This means that 
ar (up to an additive constant) is the holomorphy potential for the holomorphic vector field S/ := (cf. 
Remark |2.8| ) which generates the complexification of the fibrewise 17(l)-action, i.e. the fibrewise C*-action. 
Thus we can take / = a(T — f), with f being the average of r over X with respect to for the holomorphy 
potential / in the formula ([^. Then, noting that S{uj^) — S = A(t — t), we compute the (classical) Futaki 
invariant as 

Fut(S/, [w^]) = / aA(r — r)^—Y = 27raAVol(M, wm) / (t — T)^(3(r)dT 
Jx J-b 

n-1 _ 

with Vol(M, wm) := (n-iy. ’ by HU Lemma 2.8]. Recalling D = {t = b}, the second term in the log 
Futaki invariant can be obtained by computing 


n —1 


n—1 




i(t - r) 


'D 


(n- 1)! 


a[o — t)- 


fD 


(n — 1)! 


iM (n- 1)! 

= a{b — r)Q(5)Vol(M, wm) 


= a{b-T)Q{b) [ 
JM 


where we used 

n — ^ 

= P*wm(t)”"^ -f —^p*ujM{T)^~'^dT A dW (24) 

which was proved in (201 p2296], and the definitional Q{b) = ujM{bY~^ (cf. equation ^). We also 
note the trivial equality Jx f‘^ = fx ~ = b to see that the third term of the log Futaki invariant 

is 0. Collecting these calculations together, the log Futaki invariant evaluated against S/ is given by 

nb 

Futo^pi^f, [ 0 J 4 ,]) = aXVol{M,ojM) / {t - ffQ{T)dT - (1 - /3)a(6 - f)Q(5)Vol(M, wm)- 

J-b 
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Thus, writing A := J^i^Q{T)dT, B := J^i^TQ{T)dT, and C := J^f^T'^QiT)dT and noting t = B/A, setting 
FutD_/ 3 (S/, [w^]) = 0 gives an equation for the cone angle /3 as 


13 = 1- 


-r)^Q{T)dT 


{b-f)Q{h) 
Q{b){bA-B)-X{AC-B^) 
Q{b){bA-B) ” 


(25) 


Applying (19) and (20) to the case of smooth extremal metric i.e. with ^!)'(&) = —2, we get the equations 
(26) and (27) in (TH] which can be re-written as 


(a s\/ao\ / Q(-6) + g(5)+/^,i?(x)Q(x)dx \ 
yB cjyxj y—bQ{—b) + bQ{b) + J^i^xR{x)Q{x)dxj' 


and hence, noting AC — > 0 by Cauchy-Schwarz (where we regard Q{T)dT as a measure on J = [—5, &]), 

we get 


A = 


-B (q(-6) + Q{b) + R(x)Q(x)dx^ + A (-6Q(-6) + bQ(b) + xR(x)Q(x)dx^ 
~~~~~~~~~~~~~~ AC-B^ 


and hence 


Q{b){bA-B)-X{AC-B'^) 

Q{b){bA-B) “ 

Q{—b){bA X- B) + B R(x)Q(x)dx — A xR(x)Q(x)dx 
Q(b)(bA-B) 


which agrees with (22). This is precisely what was claimed in Theorem 1.7 


(26) 


4 Log Futaki invariant computed with respect to the conically 
singular metrics 


4.1 Some estimates for the conically singular metrics of elementary form 

We now consider conically singular metrics of elementary form w = w-l-A-\/—199|s|^^, as defined in Definition 
OS We collect here some estimates that we need later. 


Remark 4.1. What we discuss in here is just a review of well-known results, and in fact for the most part, 
is nothing more than a repetition of §2 in the paper of Jeffres-Mazzeo-Rubinstein [52] or §3 in the paper of 
Brendle |3|. 


Pick a local coordinate system (zi,..., Zn) around a point in X so that D is locally given by {zi = 0}. 
We then write 


_ d^\sfP _ 

= gqy/—ldzi A dzj = gqy/—ldzi A dzj + X ——-^^\/—ldzi A dzj 

(-y Zi (J Z d 
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which means 




^ffll+0(|zip^ ffl2+0(|zip^ 

921 + 0{\zi\'^^ 522+0(|ziP^) 


5ln + 0(|zip^ ^)^ 
92n + 0(\zi 


Vffnl + 0(|zip^ 1) g „2 + 0(|zip^) 


5nn + 0(|ZiP^) / 


Thus, writing g for the metric corresponding to w, we have (cf. Definition o 


1. 911 = Oi\zi\^P-^) , 

2. 5ij = C>(|zip/5-i) if j ^ 1 , 


3- 5iJ = 0(1) if i,j ^ 1. 

The above also means that the volume form cD" can be estimated as (cf. |U plO]) 


( n— 1 n 

j=o j=o 

where ujq is a smooth reference Kahler form on X, aj’s and bj’s being smooth functions on X, and gq is also 
strictly positive. Thus we immediately have the following lemma. 



Lemma 4.2. ITe mag write Cj'^ = \zi\^~'^^a with some {n,n)-form a, which is smooth on X\D and bounded 
as we approach D = {zi = 0}, but whose derivatives (in zi-direction) may not be hounded around D due to 
the dependence on the fractional power 


We also see, analogously to Lemma 
following estimates. 


3.7 


that the above means that the inverse matrix satisfies the 


Lemma 4.3. Suppose that g is a conically singular Kahler metric of elementary form with cone angle 27r/3 
along D = {zi = 0}. Then, around D, 

1 . 5ii=0(|zi|2-2/5) , 

2. g^^ = 0{\zi\) iff ^ 1 , 

3. f^=0{l) ifij^l. 

Thus, Ai,/ = dz dz f bounded if f is a smooth function on X. Also, if f is a smooth function 

on X \ D that is of order \zi\^^ around D, then A^jf = 0(1) + 0{\zi\'^^). In particular, A^if remains 
bounded on X \ D. 


We now evaluate the Ricci curvature of A. In terms of the local coordinate system {zi,..., z„) as above, 
we have 


Ric(w)ij 


dzidzj 


log 



92 


dzidzj 


log |zi|2^ ^^aj\zi(^f^^ T^b,\zi 


-ifij 


3=0 


3=0 
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Since 9i91og \zi\'^ = 0 on X\D, we have 





2-2/3+2/3i 


Note now that we can write 

^n—1 


log \ =F 0 + yog{O{l) + O{\z,r^P)+O{\z,\’^P)) 

\i=o j=o J 

= 0{l) + 0i\z,\^-^^) + 0i\z,\^^) 


(27) 


with some smooth function Fq, around the divisor D. We thus have Ric(w)ij = 0(1) + 0(|2:i| ^^) + 
0(|zip^"2), Ric(w)ij = 0(1)+ 0(|zi|1"2/3) _^q(|^^|2/3-1) (j 7^ 1), and Ric(w)^fc = 0(1) {j,k^l). Together 
with Lemma|4.3[ this means the following. 


Lemma 4.4. Suppose that g is a conically singular Kdhler metric of elementary form with cone angle 27r/3 
along D locally defined by zi =0. Then 

1. Ric(ch)ii = 0(1) + 0(|zi|-2/3) + 0 (|zi| 2/3-2), 

Ric(ch)ij = 0(1) + 0(|zi|i-2/5) + 0(|zi|2/5-i) (j tA 

3. Ric(w)jj; = 0(1) (j,k^ 1). 


In particular, combined with Lemma 4-3 we see that the scalar curvature S{(1)) can he estimated as S{ui) = 

0(l) + 0(|zip-4/5). 

Remark 4.5. We observe that the above estimate implies 


ln\D 


S{Lb)- 


< const. / (l + |zip ‘^^)\zi\^^ A dzi 

J unit disk in C 


< const, f (r^^ ^+r ‘^^'^^)dr < 

Jo 

for any open set fl C X with fl n O 7A 0, as 0 < /3 < 1. 


4.2 Scalar curvature as a current 

In order to compute the log Futaki invariant with respect to a conically singular metric Using, we need to 
make sense of Ric(a;si„g) A u^~^g globally on X. However, this is not well-defined for a general conically 
singular metric Using, as we discuss in Remark 4.8 We thus restrict our attention to the case of conically 


singular metrics of elementary form u or the momentum-constructed cynically singular metrics u^p. Theorems 
state that in these cases it is indeed possible to have a well-defined current Ric(cb) A u^~^ or 


1.11 


and 


1.12 


Ric(w,p) Auf; ^ on X, and this section is devoted to the proof of these results. 

Remark 4.6. We decide to present the argument for the conically singular metric of elementary form u 
in parallel with the one for the momentum-constructed conically singular metric u^, as they have much in 
common. From now on, when we write “momentum-constructed conically singular metric u^, on X”, it is 
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always assumed that X is of the form X = P(J^0C) over a base Kahler manifold (M, ujm) with the projection 
p : {X,hjr) {M,ujm)- We do not necessarily assume that p : {X,hjr) —>• {M,ojm) satisfies u-constancy 
(cf. Definition 3.1), but do need to assume that tp is real analytic; we will only rely on the results proved in 
§3.2[ in which we did not assume cr-constancy but assumed that p is real analytic. 

On the other hand, when we consider the conically singular metrics of elementary form w = w + 
\y/—ldd\s\ff, X can be any (polarised) Kahler manifold with some smooth effective divisor D d X. 

Remark 4.7. Suppose that we write, for a conically singular metric of elementary form w, 

\n—1 


^(w) := 


1 


Vol(X,0) Jx 


Ric(a}) A 


w 


(n — 1)! 


for the “average of S{ui) on the whole of X’’, where we note Vol(X, w) := w”/n! = Jx\d < oo (by 

recalling Remark 1.6). We then have, from Theorem 1.11[ 

where S{u}) := Jx\d 'S'(w)^/Vo1(X, w) is the average of S{u}) over X \ D, which makes sense by Remark 


4.5 Similarly, for a momentum-constructed conically singular metric a;,^, we have (by recalling Theorem 


1.12 and Lemma 3.8) 


S'(a;,^) = + 27r(l - /3) 

= S{uj^) + 27r(l - /3) 


Xo\{D,p*iOM{b)) 

YoliX,uj^) 

Vol(M,a;M(&)) 

Vol(X,w^) 


The reader is warned that the average of the scalar curvature S{ui) computed with respect to the conically 
singular metrics may not be a cohomological invariant since Ric(ii) is not necessarily a de Rham represen¬ 
tative of ci(L) due to the cone singularities of uj, whereas Vol(Zl,a;) = ci(T)"’“^/(n — 1)! certainly is. 

Exactly the same remark of course applies to the momentum-constructed conically singular metric On 
the other hand, we can show Vol(X, w) = Ci(L)”/n! (cf. Lemma 5.1), and Vol(X,a;,^) = 47r6Vol(M, wm) 

(cf. Remark 3.4) for X = P(J^ © C). 

Remark 4.8. We will use in the proof the estimates established in §3.2| and §4.1[ and our proof will not apply 
to conically singular metrics in full generality. Most importantly, we do not know what the “distributional” 
component (i.e. the second term in Theorems 1.11 and 1.12) should be for a general conically singular metric 
ujsing', the proof below shows that it should be equal to [D] Aa;"j“g, [D] being a current of integration over D, 
but it is far from obvious that it is well-defined (particularly so since cOsing is singular along D). Indeed, even 
for the case of conically singular metrics of elementary form d), [D] A being well-defined as a current 

(Lemma |4.10[ ) seems to be a new result. 

Proof of Theorems \l . 11 and 1.12 The proof is essentially a repetition of the usual proof of the Poincare- 
Lelong formula (cf. [IQ]), with some modifications needed to take care of the cone singularities of Cj and 

We first consider the case of the conically singular metric of elementary form Cj. We first pick a (7°°- 
tubular neighbourhood Dq around D with (small but fixed) radius eg, meaning that points in Dq have 
distance less than eg from D measured in the metric w. We then write 


/Ric(d}) A 


\n—1 


',n—1 


',n —1 


(n- 1)! 


/ /R.ic(w) A - -— 

h\Do W-1)! 


+ 


/ /Ric(w) A - -— 

/nnr>o W”!)! 
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and apply the partition of unity on the compact manifold Q H Dq (i.e. the closure of H Dq) to reduce to 
the local computation in a small open set U C flD Dq around the divisor D. Confusing {7 C C Dq with 
an open set in C", this means that we take an open set U in C" (by abuse of notation) endowed with the 
Kahler metric w, where we may also assume that U is biholomorphic to the polydisk {(zi,... ,z„) | \zi\^ < 
eo/2, \z 2 \u 1 < eo/2, • ■ ■, < eo/2}, in which the divisor D is given by the local equation zi = 0. Thus our 

aim now is to show 


/Ric(a)) A 


(n—1)! Ju\{zi=o} 




+ 27r(l-/3)/ / 

J (z: =0> 


{zi=o} 


where we recall that the partition of unity allows us to assume that / is smooth and compactly supported 
on U. 

Note that exactly the same argument applies to the momentum-constructed conically singular metric 
by using some reference smooth metric uiq on X (in place of u) to define Z?o- Hence our aim for the 
momentum-constructed conically singular metric u)^ is to show 


/Ric(w^) A 


(n- 1)! 


/(7\{2i=0} 


/5(a;^)^ + 2^(l-/3) 


f P*ujMibr-^ 

J{z,=o}^ 


for a smooth and compactly supported /. 

For the conically singular metrics of elementary form a), we recall Lemma 4.2 and write a)" = \zi\'^^~^a 
with some smooth bounded (n, n)-form a on X\D, and hence have 991ogdet(ch) = (/3 — 1)99 log |zip -I- R 
where i? is a 2-form which is smooth on [/\{zi =0} but may have a pole (of fractional order) along {zi =0}. 
We thus write 


Ric(a)) A w" ^ = —•\/^991ogdet(a)) A w"' ^ 

= (l-/3)v^991og|zi|2Aw"-i-v^RAw"-b 


On the other hand, we can argue in exactly the same way, by using (131 in place of Lemma 4.2 
that for a momentum-constructed conically singular metric uj^p, we can write 


Ric(a;<p) A w” ^ = -v^991ogdet(a;^) A w” ^ 

= (1 - /3)v^991og |zip A A 




n—1 


(28) 
to see 

(29) 


for some 2-form R^ that is smooth on [/ \ {zi = 0} but may have a pole (of fractional order) along {zi =0}. 

We aim to show that these formulae 
we aim to show that 


and (29) are well-defined in the weak sense. This means that 


/Ric(<i) A 


(n-1)! Ju 

is well-defined and is equal to 


= / fy/^RA 


(n-1)! 


+ (1-/3) / /v^991og|zi|2A 


(n — 1)! 


[ /5'(w)^ + 27r(l -/3) / / 

Ju\{zi^o} 7|2i=o| 


CJ 


{zi=o} 


for any smooth function / with compact support in U. Theorem 1 1.11 1 obviously follows from this, and exactly 
the same argument applies to cOp to prove Theorem 1.12 
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We prove these claims as follows. Let be a subset of U defined for sufficiently small e ^ eg by 
Ue '■= {(-^ 1 , ■ • ■, Zn) G C/ I 0 < e < Izil} (the norm in the inequality e < \zi \ is given by the Euclidean metric 
on C"). In Lemma 4.9 we shall prove that 

—n [ A = —n lim / A = [ fS{Lb)6 

Ju '=-*■0 Ju, Ju 

for a conically singular metric of elementary form a), and 

-n [ fV^Rcp A = -n lim [ fV^R^ A = [ fS{u 

Ju Jv 


U\{zi=0} 


(7\{zi=0} 




for a momentum-constructed conically singular metric and that both of these terms are finite if / is 
compactly supported on [/, 


In Lemma 4.10 we shall prove 

[ fV^ddlog\zi\'^ = 2 tt [ 

Ju itzi=0> 


and in Lemma 4.12 we shall prove 

[ /y^9(91og|zip A =2tt [ 

Ju J{zi= 0 } 

if / is smooth. Granted these lemmas, we complete the proof of Theorems [m] and |1.12] 
Lemma 4.9. For a conically singular metric of elementary form lu, we have 


□ 


' / f'/^R A a)” ^ = —n lim / f\J^R A cD" ^ = [ 

Ju ^^°Ju. Ju 


fS{Lb)u 


U\{zi=0} 

and the integral is well-defined for any smooth function f compactly supported on U, i.e. \Jjj f^/—^R A | 
is finite. 

For a momentum-constructed conically singular metric ui^p, we have 

-n [ f^/^R^ A =-n lim [ f^-lR^ A = [ fS{uj^)uj^ 

Ju ^^^Ju, Ju\{z^=o} 

and the integral is well-defined for any smooth function f compactly supported on U. 

Proof. We first consider the case of the conically singular metric of elementary form w. Although R is not 
bounded on the whole of C/ \ {zi =0}, Lemma 4.4 shows that the metric contraction of R with a) (which is 
equal to S{ui)/n on X \ D) satisfies 

< const.(1 + \zi\^~'^^). (30) 

on {7 \ {zi = 0}, thus 

|i? A < const.= const.(|zip^“^ -f \zi\~'^^) 
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on U \ {zi = 0}. Since / is bounded on the whole of U, we see, by writing r := \zi\ and choosing a large but 
fixed number A which depends only on U and w, that 


lim 

£->■0 


/ fV^^RAu}'^ ^ < const, lim [ ^ + |zi| 

Ju, '"^0 Ju, 

< const, lim [ {\zi'\^^~'^ + \zi\~‘^^)'/^dzi A dzi 

nA 

< const, lim / + r~^^)rdr < oo 


since 0 < /3 < 1. In other words, the above shows that the signed measure defined by Aw” ^ on [/ is 

well-defined. Observe also 


f JVARAuj'^ ^ < const, f |/^/^i?Aw" ^|ww" 
Ju\Ue Ju\U, 

< const, f sup A a)"“^|^rdr 

-'O \zi\—r 

< const, f -I- r^~‘^^)dr —>• 0 

Jo 


(31) 


as e —>■ 0, where we used the elementary = /(q gj (31) to apply (30), by noting that 

supj^^l^^ lf\/^R A is continuous in r G (0, e] and its only singularity is the pole of fractional order 

at r = 0. We thus have 

f /v^i?Aw"-i = lim / /v^i?Aw"-i= [ /VARAlj^-'^ 

Ju J(7\{zi=0} 

and the above integrals are all finite. 

On the other hand, we know that 99log |zip = 0 on U \ {zi = 0}, and hence, recalling (28), 5'(cb)w” = 
—nyAAR A d)"“^ on U\{zi =0}. Thus we can write 


—n 


[ /v^i?Aw”-i =-nlim f fVARAid^-^ = [ 

Ju '^-*■0 Ju. Jv 


(7\{zi=0} 




as claimed. 


For the case of momentum-constructed conically singular metric uj^, Lemma 3.8 shows that |A^ i?,^| is 


bounded on 17 \ {zi = 0}. Since this is better than the estimate (30), all the following argument applies 
word by word. We thus establish the claim for the momentum-constructed conically singular metric. □ 

Lemma 4.10. For a conically singular metric of elementary form Co, 

f /^^991og |zip A = 27r f 
Ju 7{2i=o} 


if f is smooth and compactly supported in U. 


Remark 4.11. Note that we cannot naively apply the usual Poincare-Lelong formula, since the metric w 
is singular along {zi = 0}. Note also that the integral is manifestly finite. 
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Proof. We start by re-writing 


[ v^9aiog|zipA/a;”-i 
Ju 

= ilim/ dd^logl^ipA/w"-! 

2 Ju\u, 

= Jlim/ (ifd^loglzip A/w"-i)-h ;^lim / log jzi^ A d/A 
2 2 


CJ 


n—1 


(32) 


since 99log \zi\^ = 0 if | 0 i| ^ 0, where we used d = 9 -I- 9 and (P = -\/^(9 — 9). 

We first claim limc_i.o f^\JJ d'^log |zip A df = 0. We start by observing that cannot contain 

the term proportionate to dzi f\dzi when we take the wedge product of it with d'^log |zip or dlog |zip, since 
it will be cancelled by them. Namely, writing |s|^^ = and defining 


92 

dj := 00 — A-\/^-—?^(e‘^|zip^)dzi A dzi 

UZ\UZ\ 


= uj + A-\/^ zi{dje'^)dzi A dzj + c.c. -I- 


(33) 


where rj' := dde^ — dzi A dzi is a smooth 2-form, we have d'^log |zip A = d^log [zip A 

and dlog I Zip A = dlog|zip A It should be stressed that w is not necessarily closed; indeed 

dCj = —Xy/^d ^ ggfgg^ (e'^lzip^)dzi A dzi^ Note also that w < const.d). 

Combined with the well-known equality d'^ log |zip A d/ A ui^~^ = —dlog |zip A d^f A we find 

f d'^ log |zip A d/A d)"“^ 

Jv, 

= — f dlog |zip A d'^/A d;"“^ 

Jv, 

= — f d (log |zipd'^/A d;"”^)-I- f log |zi pdd'^/A d)"”^ — f log |zipd'^/A dd)"”^ (34) 

Jv, Jv„ Jv^ 

where we decide to write '.= U \ U^. 

We evaluate each term separately and show that all of them go to 0 as e —)■ 0. To evaluate the first term 
of (34), we write d (log |zipd^/ A d;"“^) = fgy log |zipd°/ A d;"“^. Observe now that 

d)|gi 4 = uj\dv, + Av^ dO A dzj + c.c. + 

where we wrote zi = on 914 = {\zi \ = e}- This means that 


[ log|zipd'=/Ad;’' 
JdV, 


< const, loge 


/ (e^^ -I- e)d9 A dz 2 A dz 2 A ... dz„ A dzr, 

JdV, 


(35) 


( 36 ) 


< const.e^^ loge —>■ 0 

as e —>■ 0, by noting that dzi = e-\/^e''^®dd on 914 and / is smooth on U. 
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The second term of (34) can be evaluated as 


log A (h” ^ 


< const. 

[ logr^A^/A" 
Jv, 

< const. 

/ log 

Jv, 


< const. 

/ ^ log rdr 

^0 


(37) 


as e —>■ 0, by noting that A^/ is bounded since / is smooth on U (cf. Lemma 4.3). 
In order to evaluate the third term of (34), we start by re-writing it as 

[ loglzipd^/ 


-A(n-l) J log\zi\'^d‘^f A d (e'^|zi V^dzi A dzi^ A A" 


(38) 


We have 




dzidz 


— {e'^\zi\^^)\/^^dzi A dzi 


i=2 

+I3dj{{di<i))e'^)\zi\^^~‘^zi + \zi\^^ a a 1 v^dzi A dzi A dzj + c.c. 

UZ\UZ\UZj J 

Since Cj does not have any term proportionate to dzi or dzi when wedged with d (e'^|zip^)dzi A dzi^ , 

we have, from (33), 


d" f A d (^ Q^g- {e'^\zif^)dzi A dzi^ A i 


-n—2 


< const. 


d‘'f Adi ^ (e'^|zi|^^)dzi A dzi ) A w 


dzidz 


,n-2 


and noting that / is smooth on U, we have 


Thus 


d‘'f Ad[ g^ (e'^lzip^)dzi A dzi ) A w' 


,n—2 


< const.Izip^ 


(39) 


log |zipd°/A dw" ^ 

A(n-l) J loglzipd''/A d ^^^^^(e'^lzip^)dzi A dzi^ A w 


< const. 

/ r^'^-^logrw" 

< const. 

/ ^ log rdr 


Jv, 


Jo 


(40) 


as e —>■ 0, finally establishing Jy d‘^ log |zi p A d/ A w" ^ 0 as e —?► 0. 
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Going back to (32), we have thus shown lim£_>.o fy ^/^dd\og\zi\'^ AfCj'^ ^ ^ limc_>o Jy d log |zip A/w" 

and hence are reduced to evaluating 

lim / d(d‘=log|ziPA/w"-M = lim / d" log IziP A/w"-^ = lim / d^ log IziP A 

'^-*■0 Jv , Jdv , '=“*■0 Jav , 


Recall that d'^log |zip = 2d9 on {\zi\ = e}, and also that lime_>.o w|av^ = a;|{^j=o}i which follows from (33|. 
We thus have 


lim [ d'^log |zi|^ A/w" ^ 

Jdv, 


= lim / 2d6'A/w”-i= / 2de I /w”"" = dvr / /w 


n— 1 


,n—1 


e-J-0 


'av. 


'{^ 1 = 0 } 


/{zi=0} 


This means that 


lim/ v^591og|zi|^A/w”-i =/lim / dd'^ log jzip A= 27r / 

2e^0jy^ J{zi=0} 


as claimed. 


□ 


Lemma 4.12. For a momentum-constructed conically singular metric ujip, 

[ /v^991og|zip Aw”"^ =2t: [ fp*ujM{h)'^~^, 

Ju d{2i=0} 

if f is smooth and compactly supported in U. 

Proof. The proof is essentially the same as the one for Lemma [4.10| We note that we can proceed almost 
word by word, except for the places where we used the explicit description of d) and w: the estimates (361, 
(37), and in estimating (38). 


We certainly need to define a differential form, say u)^, which replaces w in the proof of Lemma 4.10 We 

A dzi , by recalling the estimate (|l2| . 


define it as Cj^p := ojp, — 


Note again that this is not necessarily closed, and also that does not even define a metric, since it is 
degenerate in the dzi A dzi-component, whereas we certainly have uj^ < const.Observe that (12) and 
p = 0{\z,\^P) ( as proved in Lemma |3.6[ ) imply that 

= ^v\dv, + - f ‘2l3\zi\^^~‘^ ziAqBi B 2 ,i\/^dzi A dzi + c.c. + Odzil'^^) ] 

V ^ / 


= ^v\av, + 0(e^^), 


(41) 


which replaces (35) in the proof of Lemma 4.10 Note also that, by recalling (12), 


^^p\av, = ( P*wm(t) + ^dr A d'^r 


av. 


= p*u:M{T)\av,+ - (2/3|zi|'‘^ '^ziAqBi'S^ B 2 ,i'/^dzi f\ dzi +c.c. + 0{\zi\^^) 
= pW(r)|aK+ - {-2e^^pAQB^y^de ^dz,+c.c. + 0{e^^)\ 


dV, 


(42) 
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where we wrote zi = on dV^ = {|zi| = e} and used dzi = Thus, recalling cp = 

^m{t) < const. wm, and that ojm depends only on (z 2 ,..., z„), i.e. the coordinates on the base 
M, we have the estimate 


^i^\dVe 


< const, j ^ A dzj + ^ y/^d9 A dzj 


+ c.c. 




i=2 


(43) 


dV, 


from which it follows that 


[ loglzipd'^/Aw, 
JdV, 


n—1 


< const, loge 


< const.e^^ loge —>■ 0 


/ (e^^ + e)d9 A dz2 A dz2 A ... dz„ A 

JdV, 


(44) 


as e —)■ 0, for any smooth / S C°°(X, M). This means that the estimate (36) in the proof of Lemma 4.10 


IS 


still valid for momentum-constructed metrics tu^p. 


Also, Lemma 3.7 and the estimate (and also Cjtp < const.w,^) means that the estimate in ( |37[ ) in the 
proof of Lemma 4.10 is still valid for momentum-constructed metrics 


We are thus reduced to estimating (38), which is the third term of (34) in the proof of Lemma 4.10 We 
first note 


V <7’ 


-v^dzi A dzi^ = E ^ ^ ^ 


-I- c.c. 


Recalling the estimate (43) and uip, < const.we thus have, by using a smooth reference metric ujq on X, 


^ ^ V -ld^i A dzi^ A i 


< const. 


d^f Ad 




<7 


> \ f V 

-^/^Xdzi A dzi I A I ^ \f^Xdzi A dzj 


< const.|zip^ (45) 

where in the last estimate we used the fact that / is smooth and that p) is of order 0(|zip^) (cf. Lemma 


3.6). This replaces (39) in the proof of Lemma 4.10 and hence we see that the estimate (^40| is still valid 


for the momentum-constructed metrics, establishing that the third term of (34) in the proof of Lemma 4.10 


goes to 0 as e —>■ 0. Since all the other arguments in the proof of Lemma 4.10 do not need the estimates 
that use the specific properties of a), and hence applies word by word to the momentum-constructed case, 
we finally have 




\im f d'^loglzil^ A/w. 

<^^0 Jav, 

= lim [ 2d6»A/a;”“^= [ 2d9 [ /p*WM(d)”“^ = Itt [ fp*ujM(b) 

Jo Jtz,=ot Jtzi=o> 
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where we used Cj^ ^\d = ^\d = p*ujM{b)'^ ^ by recalling (41), (42) and D = {zi = 0} = {r = b}. We 

can thus conclude, as in Lemma [4.10[ that 

[ V^ddiog\z,\^ A 
Ju 

= lim f v^saiogl^ip = 27r [ 

^ i{zi=0} 

to get the claimed result. □ 


4.3 Log Futaki invariant compnted with respect to the conically singular met¬ 
rics 

4.3.1 Conically singular metrics of elementary form 

We first consider the conically singular metric of elementary form w = w + . Suppose now 

that S is a holomorphic vector field with the holomorphy potential H G C°°(X,C), with respect to u>, so 
that t(S)w = —dJI. The holomorphy potential of S with respect to Cj is given hy H — A-s/^SdsI^^), since. 


writing S = YJi=i' 
Lemma 4.10]) 


dzi 


with dv'^ = 0 in terms of local holomorphic coordinates (zi,..., z„), we have (cf. 






(46) 


dz^'dzj \ dz^ 

Suppose we write |s|^^ = in local coordinates on U, where h = for some function (j) that is 

smooth on the closure of U. We now wish to evaluate S(e^'^|zip^). If we assume that S preserves the divisor 
D = {zi = 0}, we need to have S|d = Yl'i =2 be a holomorphic function that vanishes 

on {zi = 0}. This means that we can write = Ziv' for another holomorphic function v'. We thus see that 

is of order |zip^ near D. We thus obtain that, for a holomorphic vector 
field S preserving D, there exists a (C-valued) function H' that is smooth on X \ ZI and is of order \zi\^^ 
near D and satisfies 

i{^)uj = -d{H + H'), (47) 

i.e. H := H + H' is the holomorphy potential of S with respect to w. 

We wish to extend Theorem 


1.11 


to the case when / is replaced by the holomorphy potential ZZ of a 


holomorphic vector field 5 with respect to d). This means that we need to extend Theorem |l.ll| to functions 
/' that are not necessarily smooth on the whole of X but merely smooth on X\D and are asymptotically of 
order 0(|zip^) near D. Note that most of the proof carries over word by word when we replace / by such 


/', except for the place where we showed lime_>.o log |zi ^ A d/ A w” ^ = 0 in the equation (32) when 

we proved Lemma 4.10 More specifically, the smoothness of / was crucial in the estimates (36), (37), and 


(39) but not anywhere else. Thus the Lemma 4.10 still applies to /' if we can prove the estimates used in 


(36), (37), and (39) for /'. Note that we may still assume that f is compactly supported on Z7, since this is 
the property coming from applying the partition of unity. 

For (36), note first that on 914, \dXf'\uj < const. \e{dif)d9 + ~ 0(e^^) by noting that 


dzi = dO on 914. Thus we have 


[ log|zi|V/'Aw"-i 
JdV, 


< const.loge 


/ + e)d9 A dz2 A dz2 A ... dzn A dzr, 

JdV, 


< const.e^^ log e —>■ 0 


(48) 
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in place of (361. 


For (371, we need to estimate but we simply recall Lemma 4.3 and see that A^j/' is bounded on 


the whole of U. Thus the estimate established in (37) 


J log|2ipdd‘=/'A A'" 


< const. 


log 


(49) 


still holds for f. 

We are left to verify that the estimate (39) holds for /'. We remark that, in computing (39), we may 
replace d“/ with 1 ~ since any term proportionate to dzi or dzi will vanish when 

wedged with d (^g^j^i^'^\zi\'^^)dzi A dzi^. Thus, since 9j/' and djf (2 < j < n) are of order we 

have 

A d A dzi) A 


dzidzi 


< const.^ 


(50) 


in place of (39), so that the conclusion (40) still holds. 


Thus the proof of Lemma 4.10 carries over to /'. Noting that /' vanishes on D, we have Jjj f'\/—ldd log l-^i pA 


A" ^ = 0. In particular, if S is a holomorphic vector held on X that preserves D whose holomorphy potential 
with respect to uj (resp. A) is H (resp. H := H + H'), we get 

',n—1 r ,'',n r , ,n—1 

’ / . / /.I 


OJ" 


/ i7Ric(A) A TP - / 
lx [n-iy. Jx\D 


, . (t f / ?" 


Combined with Remark |4.7[ we thus get the hrst item of Corollary |1.14| 


4.3.2 Momentum-constructed conically singular metrics 

We now consider the momentum-constructed conically singular metrics uj^ and the generator S of the 


hbrewise C*-action that has r as its holomorphy potential (see the argument at the beginning of ) 3.3.2). 
Recalling that t —6 is of order 0{\zi\^^), as we proved in Lemma 3.6 we are thus reduced to establishing the 


analogue for of the statement that we proved in ) 4.3.1 for the conically singular metric of elementary form 


A. In fact, the proof carries over word by word, where we only have to replace A by A,^ (cf. the proof of Lemma 
4.12); (44) is replaced by the analogue of (48), A„ /' is bounded by Lemma |3.7|to establish the analogue of 


(49), and (45) can be established by observing that we can replace by — djf'dzj), 


as we did in (50). 


Thus, arguing exactly as in §4.3.11 we get the second item of Corollary |1.14| 


5 Some invariance properties for the log Futaki invariant 

5.1 Invariance of volnme and the average of holomorphy potential for conically 
singnlar metrics of elementary form 

We first specialise to the conically singular metric of elementary form A. Momentum-constructed conically 
singular metrics will be discussed in §5.3[ 

We recall that the volume Vol(A, A) or the average of the integral Jx is not necessarily a invariant 
of the Kahler class, unlike in the smooth case. This is because, as we mentioned in §1.3| the singularities 
of A mean that we have to work on the noncompact manifold X \ D, on which we cannot naively use the 
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integration by parts. The aim of this section is to find some conditions under which the boundary integrals 
vanish, as in the smooth case. We first prove the following lemma. 


Lemma 5.1. The volume Vol(X, cD) of X measured by a conically singular metric with cone angle 2 tt/ 3 of 
elementary form w = w + Xy' —ldd\s\ff with uj G ci(L) is equal to the cohomological ci(L)"/n! if f) > 0. 

Proof. Consider a path of metrics {ujt := w + ty/^dd\s\^y^} defined for 0 < t < A for sufficiently small 
A > 0, and write gt for the metric corresponding to w*, with g := go- Then we have = 

ny/^dd\sfff A Wy ^ = Axlslff where At is the (negative d) Laplacian with respect to ujt- If we 
show that = Tt\t=Tlx\D‘^t = fx\D = 0 for any 0 < T < A < 1 (where we 

used the Lebesgue convergence theorem in the second equality), then we will have proved Vol(X, wr) = 
Vol(X, w) = ci(L)"/n!. We thus compute fx\o ^T\s\ff At 0 < T < X. We treat the case T = 0 

and T ^ 0 separately. Note that in both cases, we may reduce to a local computation on {7 C X by applying 
the partition of unity as we did in the proof of Theorems [TTT] and EH 

First assume T = 0. We now choose local holomorphic coordinates (zi,...,z„) on U so that Z? = 
{zi = 0}. Writing zi = we define a local C°°-tubular neighbourhood around D = {zi = 0} by 

ZAe := {x G X I |s|;i(x) < e}. Then we have 



Writing r = \zi\ and noting that |s|/j = fr for some locally defined smooth bounded function /, we can 


evaluate 


E 




y dzidzj 


,|2/3 


< const.(r^^ 2 _|_ ^2/3 i_|_.^ 2 ^^^ Thus 


02 


,|2/3 


'D,\D 




dzjdzi 


UJ 


< const, f (r^^ 2 _|_ j,2/3 1 _|_ Q 

Jo 


as e —>■ 0, if /3 > 0. 

We thus have to show that goes to 0 as e —)■ 0. Note that this is reduced to the boundary integral 

on dDg by the Stokes theorem (by recalling that we have been assuming |s|2^ is compactly supported in U as 
a consequence of applying the partition of unity) as = u nyAIiQ\s\ff A uj^ Recalling 

dzi ||zp=r.= (—V—l cos 9 — sin 6)rd9, we may write 




dD, 




2/3 


FedO A \/—ldz 2 A dz 2 A • • • A 'J—Idzn A dz„ 


with some smooth function F, in the local coordinates (zi,..., Zn). We thus have n\/AF[d\sy^ A U) 
const.e2^“^e —>■ 0 as e —)■ 0, if /3 > 0. 


,n—1 


< 


When T > 0, note that = 0(1) by Lemma 4.3 By Lemma 4.2 we have Atf = 0{r'^^ ^), 


which shows that 


IdAD ^i,j 9 t dzidzj 


showing that the boundary integral 
evaluate 


A 


T S 


< const./pr2^ ^dr —)■ 0 as e —>■ 0. We are thus reduced to 

J’t = /( 


2/3 


dD. 


n-\/^9|s|2^ Achy ^ goes to 0 as e —)■ 0. We first 


d\s\r 


dzi A At By noting dzi A dzi = 0 on dD^, we observe that dzi A ch," ^ 


dD, "-V ^ Ozi '' '^T 

FedO A y^^dz 2 A dz 2 A ■■■ A ^fAFfdzn A dz„ for some function F, bounded as e 

Jz A r.-n-l 


T IdD, — 

0, on dDf. Thus 


dD, 


— 1 qF dzi A A. 


= 0(e2/5-ie) ^ 0 as e ^ 0 if /3 > 0. 
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Again by noting dzi A dzi = 0 on dD^^, we observe that dzi A ^\dD, = FedO A y/^dz2 A dz2 A 


• • • A \/^dzn A dzn for some function F = 0(e^^ on dD^^. Thus 
0(e2/3e2/3-i£) ^ 0 as e ^ 0 if /3 > 0. 




□ 


Lemma 5.2. The average of the holomorphy potential terms of the conically singular metric 

with cone angle 27r/3 of elementary form u) = ui + Xy/—ldd\s\ff with u G ci{L) is equal to the one Jx 
measured in terms of the smooth Kdhler metric oj, if fd > 0. 


In particular, it is equal to 5o (in (2.1) of the product test configuration for {X,L) defined by the 
holomorphic vector field on X generated by H (cf. [TS] §2]), if /3>0. 


H, = 


Proof. Recall that the holomorphy potential varies as (cf. (46)) 
using the Lebesgue convergence theorem (as in the proof of Lemma 5.1), we get 


d I 

dt \t=T 


Thus, 


d 

dt 


t=T dX 


J = J y/^Ffn (j)\s\^^ A OHt + HTdd\s\^^^ Alv. 


IX\D 

= — In 


IX\D 


' {HTd\s\l^) 


Aojl; 


We proceed as we did above in proving Lemma |5.1[ When T = 0 we evaluate 


JU\D 

= lim 
£->■0 


\[Hd\i 


12/3 


Auj''- 


U\D, 




Aw" ^ + lim 
£->■0 


DAD 




Aw" 


Noting that iJ is a smooth function defined globally on the whole of X, we apply exactly the same argument 
that we used in proving Lemma 5.1 to see that both these terms go to 0 as e —>■ 0. 

When T > 0, we evaluate 


IU\D 




Aw"-i = 


'U\D^ 


'(^HTd\i 


12/3 


A w. 


n—1 


'D^\D 


' {HtOIsII^) 


A w( 


,n—1 


Recalling that \Ht\ < const.(1 + r^^), we can apply exactly the same argument as we used in the proof of 
This means that fx\D = 0 for all 0 < T ^ 1 if /3 > 0. 


Lemma 


5.1 


□ 


As a consequence of Corollary |1.14| and Lemmas 5.11 5.2 we have the following. 
Corollary 5.3. 7/0 < ,5 < 1, we have 


Fut(S,w)= / i7(S'(w)-S'(w))- 


IX 


nl 


OJ" 


IX\D 


H{Sicj) - Sitj))— + 2^(1 - /3) 


w 


n— 1 


Vol(Li,w) 


Xo\{X,oj)Jx 


n! 


where we note that the last two terms are invariant under changing the Kdhler metric w i—>■ w + yf—lddf) by 
(I)GC^{X,R) (cf Theorem\2l^. 
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Remark 5.4. Note that the “distributional” term 


2^(1-/3) 


H- 


CjJ 


n—1 


Yol{D,uj) 


H- 


M' 


Id (n —1)! Yol{X,ui) Jx n! 

in the above formula is precisely the term that appears in the definition of the log Futaki invariant (up to 
the factor of 27r). Note also that Vol(Z3,<i) = A — Id (n-i)\ ~ Vo1(Z3,Cli) and = 

Id ^ (»-!)! Lemma 4.10 (and its extension given in (4.3.11, where \D] is the current of integration over 


D. This means that, combined with Lemmas 5.1 and 5.2 we get 


H 


UJ 


,n—1 


¥01(11, w) 


R- = 


H 


UJ 


,n—1 


Vol(Il,a;) 


H 


UJ" 


JD ^o\{X,uj) Jx n\ Jjy (n — 1)! Yo\{X,uj) Jx n\ 

Thus, if we compute the log Futaki invariant Fut£)_^ in terms of the conically singular metrics of ele¬ 
mentary form UJ, we get Fut£)^/3(2,cu) = H{S{uj) — <S(w))^, which will certainly be 0 if a) satisfies 

S{uj) = S{uj) on X\D, i.e. is cscK as defined in Definition |1.4[ 


d 

dt 


i=0 


5.2 Invariance of the Fntaki invariant compnted with respect to the conically 
singnlar metrics of elementary form 

We first recall how we prove the invariance of the Futaki invariant in the smooth case, following the exposition 
given in §4.2 of Szekelyhidi’s textbook [53]. Write w for an arbitrarily chosen reference metric in ci(L) and 
write uJt'.= uj-\- t^f^ddjj with some Jj G C°°(X,R). Defining Fut^S) := Ht{S{uJt) — S)^, where Ht is 
the holomorphy potential of 5 with respect to ujt, we need to show ^|t=oFutt(5) = 0. 

Arguing as in ^4] §4.2], we get 

Futt(S) 

) 

= [ {{S{uj) - S)dJj aBH- iJ(D* - djj A dS{uj)) + H{S{uj) - S)ddtlj) A 

Jx 

where is a fourth order elliptic self-adjoint linear operator defined as 

:= Xlcfj + V,(Ric(cc)^^9^<(.). 

We now perform the following integration by parts 

[ {Siuj)- S)dijAdH Auj^-^ 

Jx 

= - [ d{H{S{uj)-S)dtljAuj^-'^) + [ HdS{uj) AdJj Auj^-^ - ( [H[S{uj) - S)ddJj Auj'^-^ 

Jx Jx Jx 


= / HdSiuj) AdJj Auj^-^ - / {H{S{uj)-S)ddJjAuj 
Jx Jx 


n—1 


by using Stokes’ theorem. This means 

Futt(5) = - [ H'DlD^Jjuj^ = - [ = 0 

) Jx Jx 


d 

dt 


t=o 


as required, again integrating by parts. 
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We now wish to perform the above calculations when the Kahler metric uj has cone singularities along 
D. An important point is that, since we are on the noncompact manifold X \ D, we have to evaluate the 
boundary integral when we apply Stokes’ theorem, and that the remaining integrals may not be finite. 

As we did in the proof of Lemma |5.1[ we apply the partition of unity and reduce to a local computation 
around an open set U on which the integrand is compactly supported. Writing H = H H' for the 
holomorphy potential of S with respect to w, as we did in (471, we first evaluate 


J d (^H{S{u) - S{6j))d'ilj A = 1™ y d (i?(S'(w) - S{u))d^ A 


Note dzi A dzi = 0 on which implies 


U\D^ 

= lim / — S_{u}))dip Aoj 


n — 1 


€^0 


'dD^ 


dtp A w" ^\aD, = -^FiedO A yJ^Xdz2 A dz2 A • • • A '/-Xdzn A dzn 

UZ\ 

+ -^FitdO A Fi\/—\dz2 A dz2 A • • • A \/—ldzn A dzr, 


z/1 


(51) 


where Fi is bounded as e —>■ 0 and Fi {i ^ \) is at most of order we see that dip A = 

0{e) + 0(e^^). Recalling H = 0(1) + 0(|zip^) and S{Co) = 0(1) + 0(|zip“^^), we see that the integrand 
of the above is at most of order 0(e^+^“"^^). Thus we need jd < 3/4 for the boundary integral to be 0. 


We now evaluate HdS{u;) A dip A Writing 

dS{uj) A dip A ^diPA 


y —azi A dip A uj 


i/i 


dzi 


we see that the order of the first term is at most 0 (|zip“‘*^“^| 2 ;ip^“^“''^) = 0(|zi|^“^^), and the second term 
is at most of order 0(|zip“^^|zip^“^) = 0(|zi|^“^^), and hence we need 1 — 2/3 > —1, i.e. /3 < 1 for the 
integral to be finite, by recalling H = 0(1) + 0(|zip^). Since the second term J^{Xcjip)H{S{ui) — S{uj))u}^ 


is manifestly finite (by Lemma 4.3 and Remark |4.5|), we can perform the integration by parts to have 


^|j_pFutt(E!) = — J^^j^HTi*^Dcjipuj^ if 0 < /3 < 3/4. It remains to prove that HTi'iD^ipco'^ = 
fx\D = 0 holds. Recalling D’^Dcjip = X^ip + V-j{Kic{Cj)^^dkip) (by noting ip = ip as ip is a, real 

function), where V is the covariant derivative on TAT defined by the Levi-Civita connection of a), we first 
consider 



H\7j{Ric{<:d)'^^^dkip)dj^ 


IU\D 


Lf(VjRic(w)'=^yafeV'w 


V^n [ 

Jw 


IU\D 

— y/^n(n — 1 ) 


Hdip A dS{u}) A w' 


U\D 
n—1 I 


HRic{d})'^^ dj dk V'w" 
HS{uj)Ac:1pUJ^‘ 


IU\D 


JU\D 

iLRic(w) A ddip A 


where we used the Bianchi identity VjRic(w)0 = g^^djS{(jj) and the identity in [34l Lemma 4.7]. We 
perform the integration by parts for the second and the third term. We re-write the second term as 
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'U\D 




— in — / d{HS(Cj)d'4) f\Cj'^ )— / d{S(u})dHip A ) 
y Ju\D Ju\D 

+ [ dS{ 6 j) AdH + f S[w)ddH Atpw'^-^ 

Ju\D Ju\D 


IU\D 


HdS{u}) Ad'll) A Cj 


n—1 


and the third term as 


lu\D 


HRic{u)) A ddip A Of' 


/ d{HRic{u}) Ad'll) A ^) + / d{dH A Ric(a)) A 'ij)Cj^ 
'u\D Ju\D 


lu\D 


ipddH A Ric(w) A w" 


We thus have i?Vj(Ric(w)^'^9fc'0)w" = V'Vj(Ric((i)^'^9^A)w" — •\/^n(n — l)(i?i + B 2 ) — 

•\/^n(i ?3 + B 4 D, where the R^’s stand for the boundary integrals Bi := limg_>o RRic(d>) A d'lp A 

B:t := lim, 


B 2 := lim£_j.o Jqjj 'ipdH ARic{u)) Auj' 
which we now evaluate. 


HS{w)d'il)AC)”' \ R 4 := bnie^o 'ij)S(Q))dHA 
in terms of e. Since dzi A dzi = 0 on dD^, we can see that 


We first evaluate RRic(a)) A d'lp A u 
this converges to 0 (e —>■ 0) as long as 0 < /3 < 1, by recalling Lemma 4.4 We thus get Ri = 0. 


We then evaluate 'ipdHARic{uj) Alj^~‘^ . We see that this converges to 0 (e —>■ 0) as long as 0 < /3 < 1, 
exactly as we did before. We thus get B 2 = 0. 

Now we see that HS{(jj)dip A is at most of order since 5'(w) is at most of order 

and d'lj) Au)'^~^ is of order 0(e) + 0(e^^) (cf. (51)), and hence converges to 0 (as e —>■ 0) if /3 < 3/4. Similarly, 
we can show that 'ij)S{u})dH A converges to 0 if /3 < 3/4. Thus, we get B^ = B 4 = 0. 

Note that ^/’Vfc(Ric(w)'’^(9ji/))w” converges if 0 < /3 < 1, since Lemma 


4.3 


4.4 


combined with Lemma 


implies Ric(w)^^ = Ric(a))^^ = Od^il) + 0 {\zi\^~^) + (j 1 ), 

and Ric(w)*^ = 0(1) + Od^ip^) + 0(|zip“^^) {i,j 7 ^ 1). We thus see that we can perform the integration 
by parts in the above computation if we have 0 < /? < 3/4. 

We are now left to prove Jx\d = Jx\d HA^'ij)uj^. We write 


/ RA? V’w" = V^n / HddiA^'iP) A 
Jx\D Jx\D 

= f d{Hd{Aci'ij)) A A"“^) + f d{dH A (A;i'0)w"“^) 

Jx\D Jx\D 

+ [ (A^R)(A^^)A”-i 

Jx\D 

and evaluate the boundary integrals lime_>o R9(A£j'0) A and lim£_>o /g^, dH A {A^'ij))u)^~^ which, 
as before, can be shown to converge to zero as long as /3 > 0. 


We finally evaluate /^^^(A;:jR)(Ai,'(/))w", where we recall from Lemma 4.3 that A^jR = 0(l)+0(|zip ^^)+ 
Od^ip^). Thus, computing as we did above, we see that this is finite. 
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Summarising the above argument, together with the results in { 5.1 we have the following. Suppose that 
we compute the log Futaki invariant 


Futr,,;3(.=,w) = 


27r 




n\ 


H 


(jj 


n — l 


Vo\{D,Cb) 


H 




JJ (n—l)! \o\{X,Cj)Jx n! 


with respect to the conically singular metric of elementary form cD for a holomorphic vector field v that 
preserves the divisor D, with H as its holomorphy potential. As we mentioned in Remark 


5.4 


Lemmas 

|5.1[|5.2| Corollary |5.3| combined with Lemma |4.10| (and its extension given in |4.3.1|), show Fut£)^^(S, w) = 
1 


^ Ix\D H{S{uj) — S{oj))^, and the calculations that we did above prove the first item of Theorem 


1.15 


5.3 Invariance of the log Futaki invariant computed with respect to the momentum- 
constructed conically singular metrics 

Now consider the case of momentum-constructed metrics on X := P(J^ 0 C) with the P^-fibration structure 
p : P(J^ © C) —>■ M over a Kahler manifold {M,ujm)- In this section, we shall assume that the cr-constancy 
hypothesis (Definition |3.1| ) is satisfied for our data {p : {F,hjr) —>■ Let D C P(J^© C) = A be 

the oo-section, as before. 

We first prove some lemmas that are well-known for smooth momentum-constructed metrics; the point 
is that they hold also for conically singular momentum-constructed metrics, since, as we shall see below, the 
proof applies word by word. We start with the following consequence of Lemma |3.9| 


Lemma 5.5. f fTOl Lemma 2.8]) Suppose that the a-constancy hypothesis (Definition \3. 1\ ) is satisfied for our 
data. For any function fir) ofr, we have 




fir)^ = 2 ttYo\{M,u}m) f{T)Q{T)dT, 


lx 


n\ 


where Q{t) is as defined in In particular, /(''”) does not depend on the choice of ip or the boundary 
value p'{Xb). 

Proof, cr-constancy hypothesis implies that Q{t) = is a function which depends only on r. 

We thus have 


lx 


= 


UJ 


M 


'x (n- 1)! 


A 




dr t\ d'^T] = 2ttXo\{M,ojm) / f{T)Q{T)dT, 


l-b 


by (231 in Lemma 3.9 


□ 


We summarise what we have obtained as follows. 


Lemma 5.6. Suppose that the a-constancy hypothesis is satisfied for our data. Let p : [—6, b] —> M>o be a 
real analytic momentum profile with p{±b) = 0 and p{—h) = 2, p(—b) = —2/3, so that = p*ujm — Tp*j + 
Lrfr A has cone singularities with cone angle 2tt/3 along the oo-section. Let f : [—b, b] —>■ K>o be another 
momentum profile with p{3zb) = 0 and p{3zb) = ©2, so that ujcf, = p*ujm — rp*^ + Lrfr A d'^r is a smooth 
momentum-constructed metric. Then we have the following. 


1. [uj^p] = 
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Vol(X,a;^) = 27rVol(M,WM) [ Q{T)dT = Yo\{X,uj^), 

J-b 


3. 


= 27rVol(M, wm) / TQ{T)dT = / r —. 


l-b 


lx 


Proof. The first item follows from Lemma 3.9 and the second and the third from Lemma 5.5 


□ 


The second and the third item of the above lemma shows that the second “distributional” term in 
Corollary |1.14| agrees with the “correction” term in the log Futaki invariant, as we saw in the case of 
conically singular metrics of elementary form (cf. Corollary 5.3 and Remark 5.4). We thus get the following 
result. 


Corollary 5.7. Suppose that the a-constancy hypothesis is satisfied for our data {p : [P^hjS) —)■ ■ 

Writing Fut(E!,a;,^) for the Futaki invariant computed with respect to the momentum-constructed conically 
singular metric with cone angle 27r/3 and with real analytic momentum profile ip and 0 < /? < 1, evaluated 
against the generator S of fibrewise C*-action of X = P(J^ © C), we have 


Fut(2,a;,p) 





n\ 


+ 27r(l — /3) 



UJMjb)^ ^ 
{n — 1)! 


Vol(M, oJMjb)) f ^ 
Vol(X,W0) Jx'^ n' 


where uj^p is a smooth momentum-constructed metric in the same Kdhler class as In particular, 


FutD,/3(S,a;,^) = / . 

J X\D 

We now wish to establish the analogue of the first item of Theorem |1.15[ We first of all have to estimate 
the Ricci and scalar curvature of the metric + yf—lddfi for if G C°°(X,R). We show that this is exactly 
the same as the ones for the conically singular metrics of elementary form. 


Lemma 5.8. Ric(w,^ + ■\/—lddif) and S{uj^ + ^—Iddif) satisfy the estimates as given in Lemma f.f 


Proof Choose a local coordinate system {zi,..., Zn) around a point in X so that D is locally given by 
{zi = 0}. Lemma 3.6 and the estimate (12) imply that we have 


2. _ " d'^if 

+ V^ddif =p*ojm — Tp*x H- dr A d'^r + -s/^ -— x^y/^dzi A dzj 

ip ^ OZiOZi 

t,J=l 

= V=ldz,Adz, 

+ X! (PijZi + |zip-2/3 ^ A dzj + c.c. 

j=2 ^ 


where Fij’s stand for locally uniformly convergent power series in with coefficients in smooth functions 

which depend only on the base coordinates ( 22 ,... ,Zn). We also wrote ipM for the local Kahler potential 
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for p*ujm- When we Taylor expand ijj and V'm, we thus get + y/^ddil))"^ = \zi\'^^ ^[0(1) + 0{\zi\'^^) + 
0(|2ip“^^)] ]Xi^i{\/-^dZi A dzi). Writing wq := ]Xi^i{\/-^dzi A dzi), we thus get 


log = (^ _ 1 ) log |^i |2 + 0 ( 1 ) + 0(|zi|2/5) + 0(|zi|2-2/3). 


LJn 


This is exactly the same as (27), from which Lemma 4.4 follows (since 95log = 0 on X \ £>). 


□ 


Since that the holomorphy potential for S with respect to uj^ + ^—Iddip is given by r — V—1E!('0) = 
0(|2ip^) + 0(1) (cf. [Ml Lemma 4.10]), it is now straightforward to check that the calculations in ] ]5.2| apply 
word by word. We thus get the second item of Theorem |1.15[ 


References 

[1] Hugues Auvray, Note on Poincare type Kdhler metrics and Futaki characters, arXiv preprint 
arXiv:1401.0128 (2013). 

[2] Robert J Berman, K-polystability of Q-Fano varieties admitting Kahler-Einstein metrics, arXiv preprint 
arXiv:1205.6214 (2012). 

[3] Sebastien Boucksom, Tomoyuki Hisamoto, and Mattias Jonsson, Uniform K-stability, Duistermaat- 
Heckman measures and singularities of pairs, arXiv preprint arXiv: 1504.06568 (2015). 

[4] Simon Brendle, Ricci flat Kdhler metrics with edge singularities, Int. Math. Res. Not. IMRN (2013), 
no. 24, 5727-5766. MR 3144178 

[5] Simone Calamai and Kai Zheng, Geodesics in the space of Kdhler cone metrics, arXiv preprint 
arXiv:1205.0056 (2012). 

[6] Xiuxiong Chen, Simon Donaldson, and Song Sun, Kdhler-Einstein metrics on Fano manifolds. I: Ap¬ 
proximation of metrics with cone singularities, J. Amer. Math. Soc. 28 (2015), no. 1, 183-197. MR 
3264766 

[7] _, Kdhler-Einstein metrics on Fano manifolds. II: Limits with cone angle less than 27r, J. Amer. 

Math. Soc. 28 (2015), no. 1, 199-234. MR 3264767 

[8] _, Kdhler-Einstein metrics on Fano manifolds. Ill: Limits as cone angle approaches 27 r and com¬ 

pletion of the main proof, J. Amer. Math. Soc. 28 (2015), no. 1, 235-278. MR 3264768 

[9] Olivier Debarre, Higher-dimensional algebraic geometry, Universitext, Springer-Verlag, New York, 2001. 
MR 1841091 (2002g:14001) 

[10] Jean-Pierre Demailly, Complex Analytic and Differential Geometry, Textbook available at 

http://www-fourier.ujf-grenoble.fr/^demailly/manuscripts/agbook.pdf. 

[11] Ruadhai Dervan, Alpha Invariants and K-Stability for General Polarizations of Fano Varieties^ Inter- 
national Mathematics Research Notices (2014), rnul60. 

[12] _, Uniform stability of twisted constant scalar curvature Kdhler metrics, arXiv preprint 

arXiv:1412.0648 (2014). 


43 










[13] S. K. Donaldson, Remarks on gauge theory, eomplex geometry and A-manifold topology, Fields Medallists’ 
lectures, World Sci. Ser. 20tli Century Math., vol. 5, World Sci. Publ., River Edge, NJ, 1997, pp. 384- 
403. MR 1622931 (99i:57050) 

[14] _, Sealar curvature and projective embeddings. /, J. Differential Geom. 59 (2001), no. 3, 479-522. 

MR 1916953 (2003j:32030) 

[15] _, Scalar curvature and stability oftoric varieties, J. Differential Geom. 62 (2002), no. 2, 289-349. 

MR 1988506 (2005c:32028) 

[16] _, Lower bounds on the Calabi functional, J. Differential Geom. 70 (2005), no. 3, 453-472. MR 

2192937 (2006k:32045) 

[17] _, Kdhler metrics with cone singularities along a divisor. Essays in mathematics and its applica¬ 

tions, Springer, Heidelberg, 2012, pp. 49-79. MR 2975584 

[18] Akito Futaki, An obstruction to the existence of Einstein Kdhler metrics, Invent. Math. 73 (1983), no. 3, 
437-443. MR 718940 (84j:53072) 

[19] Andrew D. Hwang, On existence of Kdhler metrics with constant scalar curvature, Osaka J. Math. 31 
(1994), no. 3, 561-595. MR 1309403 (96a:53061) 

[20] Andrew D. Hwang and Michael A. Singer, A momentum construction for circle-invariant Kdhler metrics, 
Trans. Amer. Math. Soc. 354 (2002), no. 6, 2285-2325 (electronic). MR 1885653 (2002m:53057) 

[21] Thalia D. Jeffres, Uniqueness of Kdhler-Einstein cone metrics, Publ. Mat. 44 (2000), no. 2, 437-448. 
MR 1800816 (2002c:32040) 

[22] Thalia D Jeffres, Rafe Mazzeo, and Yanir A Rubinstein, Kdhler-Einstein metrics with edge singularities, 
arXiv preprint arXiv:1105.5216 (2011). 

[23] Julien Keller, About projectivisation of Mumford semistable bundles over a curve, arXiv preprint 
arXiv: 1407.7062 (2014). 

[24] Shoshichi Kobayashi, Transformation groups in differential geometry. Classics in Mathematics, Springer- 
Verlag, Berlin, 1995, Reprint of the 1972 edition. MR 1336823 (96c:53040) 

[25] Shoshichi Kobayashi and Katsumi Nomizu, Foundations of differential geometry. Vol. II, Wiley Classics 
Library, John Wiley & Sons Inc., New York, 1996, Reprint of the 1969 original, A Wiley-Interscience 
Publication. MR 1393941 (97c:53001b) 

[26] C. LeBrun and S. R. Simanca, Extremal Kdhler metrics and complex deformation theory, Geom. Funct. 
Anal. 4 (1994), no. 3, 298-336. MR 1274118 (95k:58041) 

[27] Chi Li and Chenyang Xu, Special test configuration and K-stability of Fano varieties, Annals of Math¬ 
ematics 180 (2014), 1-36. 

[28] Haozhao Li, Extremal Kdhler metrics and energy functionals on projective bundles, Ann. Global Anal. 
Geom. 41 (2012), no. 4, 423-445. MR 2891295 


44 



[29] Robert C. McOwen, Point singularities and conformal metrics on Riemann surfaces, Proc. Amer. Math. 
Soc. 103 (1988), no. 1, 222-224. MR 938672 (89m:30089) 

[30] Yuji Odaka and Song Sun, Testing log K-stability by blowing up formalism, arXiv preprint 
arXiv:1112.1353 (2011). 

[31] Michael A. Singer, private communication. 

[32] Jian Song and Xiaowei Wang, The greatest Ricci lower bound, conical Einstein metrics and the Chern 
number inequality, arXiv preprint arXiv: 1207.4839 (2012). 

[33] Jacopo Stoppa, A note on the definition of K-stability, arXiv preprint arXiv:1111.5826 (2011). 

[34] Gabor Szekelyhidi, Introduction to Extremal Kdhler metrics. Graduate Studies in Mathematics, vol. 
152, Amer. Math. Soc., Providence, RI, 2014. 

[35] _, Filtrations and test-configurations. Math. Ann. 362 (2015), no. 1-2, 451-484. MR 3343885 

[36] Gang Tian, Kdhler-Einstein metrics on algebraic manifolds. Transcendental methods in algebraic ge¬ 
ometry (Getraro, 1994), Lecture Notes in Math., vol. 1646, Springer, Berlin, 1996, pp. 143-185. MR 
1603624 (98j:32035) 

[37] _, Kdhler-Einstein metrics with positive scalar curvature. Invent. Math. 130 (1997), no. 1, 1-37. 

MR 1471884 (99e:53065) 

[38] _, K-stability and Kdhler-Einstein metrics, Gomm. Pure Appl. Math. 68 (2015), no. 7, 1085-1156. 

MR 3352459 

[39] Marc Troyanov, Prescribing curvature on compact surfaces with conical singularities, Trans. Amer. 
Math. Soc. 324 (1991), no. 2, 793-821. MR 1005085 (91h:53059) 

[40] Shing Tung Yau, Problem section. Seminar on Differential Geometry, Ann. of Math. Stud., vol. 102, 
Princeton Univ. Press, Princeton, N.J., 1982, pp. 669-706. MR 645762 (83e:53029) 

DEPARTMENT OE MATHEMATIGS, UNIVERSITY COLLEGE LONDON 
Email: yoshinori . hashimoto . 12@ucl. ac . uk, yh292(§cantab. net 


45 



